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Lesson Outcomes

• At the end of this lesson, the student should 
be able to:

– Understand the discretization of a beam element

– Develop stiffness equations for beam element



Beam Element

• A beam element has 2 degrees of freedom (DOF) per node
• Each node can either rotate (due to bending in the beam) 

or move in the transverse direction to the main axis of the 
beam (due to shear deformation in the beam

• The rotational degree of freedom is denoted by 𝜙 and the 
corresponding force (moment in this case) is denoted by 𝑚

• The translational degree of freedom is denoted by 𝑣 and 
the corresponding force is denoted by 𝑓

• The x-axis is assumed to be aligned with the main axis of 
the beam, therefore, the rotational DOF is rotation about z-
axis and translational DOF is translation in y-direction

• The sign convention used for beam elements is give next



Sign Convention for a Beam Element

• Moments are positive counterclockwise
• Rotations are positive counterclockwise
• Forces are positive in positive y direction
• Displacements are positive in positive y direction



Displacement Function

• A displacement function of any order can be assumed 
for a beam element, however, a function of order 1 is 
not appropriate

• A quadratic function might work but it will give only 
rough approximations as we know that the deflected 
curves of beams are not exactly circular

• Increasing the order of the displacement function will 
continue to improve the accuracy of results

• Higher order displacement functions will, however, 
increase the computational cost as well

• As a starting point, a cubic displacement function is 
assumed here



Displacement Function (Continued)

• Assuming the cubic displacement function:

• 𝑣 𝑥 = 𝑎1𝑥
3 + 𝑎2𝑥

2 + 𝑎3𝑥 + 𝑎4

• The derivative of this function (slope) is given as:

•
𝑑𝑣

𝑑𝑥
= 3𝑎1𝑥

2 + 2𝑎2𝑥 + 𝑎3

• Inserting the nodal values for nodes 1 and 2, we get:

• 𝑣 0 = 𝑣1 = 𝑎4

•
𝑑𝑣 0

𝑑𝑥
= 𝜙1 = 𝑎3

• 𝑣 𝐿 = 𝑣2 = 𝑎1𝐿
3 + 𝑎2𝐿

2 + 𝑎3𝐿 + 𝑎4

•
𝑑𝑣 𝐿

𝑑𝑥
= 𝜙2 = 3𝑎1𝐿

2 + 2𝑎2𝐿 + 𝑎3



Displacement Function (Continued)

• Substituting the coefficients in the original function:

• 𝑣 =
2

𝐿3 𝑣1 − 𝑣2 +
1

𝐿2 𝜙1 + 𝜙2 𝑥3 +  −
3

𝐿2
 𝑣1 −



Shape Functions

• From above, the shape functions can be 
obtained as:

• 𝑁1 =
1

𝐿3 2𝑥3 − 3𝑥2𝐿 + 𝐿3

• 𝑁2 =
1

𝐿3 𝑥3𝐿 − 2𝑥2𝐿2 + 𝑥𝐿3

• 𝑁3 =
1

𝐿3 −2𝑥3 + 3𝑥2𝐿

• 𝑁4 =
1

𝐿3 𝑥3𝐿 − 𝑥2𝐿2



Strain-Displacement and Stress-Strain 

Relationships

• The strain of a beam element can be expressed as:

• 𝜀𝑥 𝑥, 𝑦 =
𝑑𝑢

𝑑𝑥

• Where u is the axial displacement function

• 𝑢 = −𝑦
𝑑𝑣

𝑑𝑥

• 𝜀𝑥 𝑥, 𝑦 = −𝑦
𝑑2𝑣

𝑑𝑥2

• We know that

•
𝑑2𝑣

𝑑𝑥2 =
𝑀

𝐸𝐼
, and 𝜎𝑥 = 𝐸𝜀𝑥



Strain-Displacement Relationships 

(Continued)

• 𝜎𝑥 =
−𝑀𝑦

𝐼

• From elementary beam theory:

• 𝑚 𝑥 = 𝐸𝐼
𝑑2𝑣

𝑑𝑥2

• 𝑉 = 𝐸𝐼
𝑑3𝑣

𝑑𝑥3



Element Equations

• Element equations for the 4 force components, therefore, can be 
obtained as:

• 𝑓1𝑦 = 𝑉 = 𝐸𝐼
𝑑3𝑣 0

𝑑𝑥3 =
𝐸𝐼

𝐿3 12𝑣1 + 6𝐿𝜙1 − 12𝑣2 + 6𝐿𝜙2

• 𝑚1 = −𝑚 = −𝐸𝐼
𝑑2𝑣 0

𝑑𝑥2 =
𝐸𝐼

𝐿3 6𝐿𝑣1 + 4𝐿2𝜙1 − 6𝐿𝑣2 + 2𝐿2𝜙2

• 𝑓2𝑦 = −𝑉 = −𝐸𝐼
𝑑3𝑣 𝐿

𝑑𝑥3 =
𝐸𝐼

𝐿3 −12𝑣1 − 6𝐿𝜙1 + 12𝑣2 − 6𝐿𝜙2

• 𝑚2 = 𝑚 = 𝐸𝐼
𝑑2𝑣 𝐿

𝑑𝑥2 =
𝐸𝐼

𝐿3 6𝐿𝑣1 + 2𝐿2𝜙1 − 6𝐿𝑣2 + 4𝐿2𝜙2

• These can be expressed in matrix form as given next



Element Equations (Continued)

• Beam element equations in the matrix form 
are given as:



Stiffness Matrix

• From the element equations, the stiffness 
matrix for a beam element is obtained as:
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