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Description

Aims
This chapter is aimed to :
1. introduce the concept of integration
2. explain the basic properties of integral
3. compute the integral using different techniques of integration

Expected Outcomes
1. Students should be able to explain about indefinite integral and definite integral
2. Students should be able to know the basic properties of definite integrals

3. Student should be able to determine the appropriate techniques to solve difficult
integral.
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Integration by Substitution

The idea of integration by substitution is to transform a difficult
Integral to an simpler integral by using a substitution.

Theorem - Integration by substitution. Let f,

g and u be differentiable functions of x such that
du
f(x)= g(U)d—
X
Then

_[f(x)dx=jg(u)3—:|(dx:jg(u)du =G(u)+c
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Integration by Substitution — Working Steps

Choose a new variable u. Let say U= f(x)

du ,
Differentiate u with respect to x. i f'(x)

Determine the value dx. dx =
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U
u
£'(x) I

Make the substitution u= f (x) and dx =

Evaluate the resulting integral

Return to the initial variable.
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Evaluate |(5x+3)"dx

Step 1 : Choose a substitution function u mmm) U=5X+3

Step 2: Differentiate u with respect to x — du _5

Step 3: From step 2, dx =) dx= d?u
. . . . 7 7 dU
Step 4: Substitute u and dx into integral — _[(5x+3) dx = ju =

Step 5 : Evaluate the resulting integral ) j%u7du — 4i0u8 +C

Step 6 : Return to variable X =~ s ius 1C= i(5x+3)8 +C
40

Therefore, the solution is
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Evaluate jcos xsin? xdx

Step 1 : Choose a substitution function u mmm) U=SINX

Step 2: Differentiate u with respect to X =) du _ COS X
dx

d
Step 3: From step 2, dx === dx=
COS X x

Step 4: Substitute u and dx into integral =) ICOSXS'” dx = _[U COSXcosx

31

Step 5 : Evaluate the resulting integral =) juzdu _u
3

0

1

3

Step 6 : Compute values of u )

Therefore, the solution is
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Evaluate [(3x*+1)" -2xdx

Let u=3x+1, then U _gx which implies dx:g—u. The given
X

dx
Integral can be written as

I(sz +1)30 2% dX = ju3° -2x3—i
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Evaluate I(5X —1)3 dx
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Let u=5x-1, then 3_u:5 which implies dx :d?u_ The given integral
X
can be written as
Method | : Method Il :
When x=0, u=-1 and when x=2, u=9. 2
j(5x—1)3 dx:J'u3d—u
2 3 2 du 0 o
j(5x—1) dx='fu3—
0 RS 1u*
=——+¢C
1 u4 9 5 4
_ - 2
54|, =L (sx-1)°
1 20 0
— 94_ _1 4
20[ D ] :i(6561—1)
1 20
25(6561—1)2328 _ 1328
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Integration by Parts

Integration by parts is a technique to solve an integration in the form of

product of two functions such as:

j [sz sinw

f(x)=x>  g(x)=sin(5x)

The main interest in integration by parts is to transform an integral into

a new integral that is easier to solve than the original.
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Don’t try to
understand this yet.
Wait for the

examples that follow
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Integration by Parts — Guideline of Selecting U

Choose u by the following sequence:

Logarithmic (log X, Inx)

- Algebraic (x, x? x3,...)
gebraic (x, x° x3,...
2. |
. Trigonometry (sin x, cos x, tan x,...)
Exponential (e*, e¥,...)
o

and the next function automatically becomes dv.

~ If the new integral is more difficult than the original, change the
khoice of u and dv.
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Evaluate I X COS XdX

X COS X dXx
LY_“ ' J
u dv

Why choose x as u instead of cos x?

X Is algebraic function. Meanwhile, cos x is a trigonometric function.
Hence, algebraic function comes first before trigonometric functions.

So x is chosen as wu.
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=X, dv = cos xdx

Differentiate u - du _1 - Integrate dv

vV =sin x (omit c)

Plug everything into the formula

_[udv = uv—Jvdu

= XSIn x—_[sin Xdx

Integrating J'sin xdx=-cosx+c, Therefore,

_[xcos Xdx = xsin X—Jsin Xdx
= XSIN X—(—=C0S X) +C
= XSIN X+ COSX+C
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Evaluate j 3x? In xdx
j In x 3x°dx
u dv

Why In x is a u?

In guideline of choosing ‘u’, we refer LATE in which Logarithmic (L)
function comes first in the list. Hence, In x is chosen as u
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u=Inx, dv = 3x°dx
Differentiate u 4du 1 - Integrate dv

3 -
—_—=—, v=Xx (omitc
dx X ( )

Plug everything into the formula
_[udv = uv—jvdu

=x%In x—J.x3 [i)dx
X

Integrating szdx =%x3 +c , we obtained,

_[3x2 In xdx = x° In x—'[xzdx

. X
= XSINX——+¢

3
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Evaluate [2xe” dx

u=2x, dv=e"dx
du

— =2, v=eX(omitc)
dx

By using integration by parts

Iudv = uv—_[vdu
= 2xe” —J'ex (2dx)

=2xe*—-2e* +¢
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times to evaluate a given integral. See example below.

Evaluate j e* cos x dx

U = COS X, dv = e*dx
du : .
— =-SinXx, v=e
dx

By using integration by parts
judv:uv—_[vdu

= g* cosx—_[ex(—sin xdx) . G

= g cosx+jeX (sinxdx)+c _
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Another integration by parts applied to the last integral, i.e.

jexsin xdx will complete the solution. Hence, by doing by

parts once again, we obtain

u=sinx, dv =e*dx
du .
— =CO0S X, v=e

dx

Substitute into the formula

_[exsin xdv=uv—jvdu 9
=e*sin x—_[eX cos xdx

Substitute result in (2) into Equation (1)
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Iex cos XdX = e* cos X + jex (sin xdx)

= e* cosx+[eX sin x—_[eX coS xdx}

Notice that the last term is similar to the original problem. Hence, by

moving the last term into the left hand side equation, we get

jex cosxdx+feX cos xdx =e*cosx+e*sinx+c¢c

ZfeX cosxdx =e*cosx+e*sinx+c

We want to find [€* cosxdx | therefore

e* cos x+e*sinx
> +C

j e* cos xdx =
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Integration by Partial Fractions

If the integrand is in the form of an algebraic fraction and the integral
cannot be evaluated by simple methods, the fraction needs to be

expressed in partial fraction.

Definition — Proper Fraction Any rational function of X,

P(x)

Q(x)
where the P(X) is less than the degree of Q(X) could
be expressed as sum of relatively simpler rational

functions, called partial fractions.
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Q(x) = (ax+b)(a,x+b,)...(a,x+h,) e

A LA A
(a1X+bl) (a2X+b2).“(anX+bn)

Partial fraction :

2. Repeated Linear Factor

Q(x) = (ax+b)’

A LA A

Partial fraction : (ax+b)  (ax+hb)’ (ax+b)’

3. Quadratic Factor

Q(x) =(ax’ +bx+c)

Ax+B

Partial fraction :

2
(ax” +bx+c
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Evaluate f (

dx
X+3)(x+1)

< .
!{w Factor the denominator

X° +4X+3=(x+3)(x+1)

j{ w Break up the fraction into sum of “partial fractions”

6 A N B
(x+3)(x+1) x+3 x+1

jﬁ'm Multiply both sides of the equation by the left side

denominator
6=A(x+1)+B(x+3)
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ﬁm Take the roots of the linear factors and plug them,

one at a time, into x on the equation from step 3,
and solve

Split up the original integral and integrate

* 6 3 3
dx= |- d
Em J.(X+3)(X+l) X I X+3+X+1 X

=-3In|x+3/+3In|x+1+c
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7X+6
x3 —3x?

dx

Evaluate I

The function can be written as
7X+6 TX+6

x*—3x%  x*(x—3)

The denominator is a combination of linear and repeated linear case,

therefore we have
x+6 Ax+B C

= +
x> —3x? x> x-3

We have three unknown A, B and C. Multiply both sides by the left
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7x+6=(Ax+B)(x—-3)+Cx’
= Ax* —3Ax + Bx—3B +Cx?
=(A+C)x*+(-3A+B)x—3B

Equating the coefficient of the polynomial, where

x?: A+C=0
X :—3A+B=7
x°: —-3B=6

Solving the simultaneous equation, we obtain A=-3, B=-2, C=3.
Alternatively, A, B and C can be found using the another approach.

d x=3, 9C=27—->C=3

x=0, 6=-3B—>B=-2
x=1 13=-2(A-2)+3—> A=-3
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Hence,
7X+6 —3x-2 3

= +
x> —3x° X2 X—3

The integration becomes

J'ZX+62dX:J-—3X—2+ 3 dx
X® —3X X—3

_BX ———dx+— ————dx

Simplify whenever necessary and then integrate

I /X+6

————dx —j——dx ij*dx+ —g—dx
—3x° X—3

=-3In[x+ 2 +3Injx-3|+c
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Conclusion

O In integration by substitution, making appropriate choices for u will
come with experience.

O Selecting u for by part techniques should follow the LATE
guideline.

O If the power of denominator is less than the power of numerator,

then the fraction is called proper fraction
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