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Description

AIMS

This chapter is an introduction to the numerical methods. It is aimed to:
1. introduce the curve fitting problem.
2. show how to approximate the value of certain data.
3. define the concept of interpolation and inverse interpolation

EXPECTED OUTCOMES

Students should be able to explain the Newton’s divided-difference table.

Students should be able to differentiate between interpolation and inverse interpolation.
Students should be able to identify linear and quadratic splines.

Students should be able to solve curve fitting problem using Newton interpolation method,
Lagrange interpolation method, linear spline and quadratic spline.
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INTRODUCTION Ui

Through the limited In science and
data points, one 2 1 engineering, one
can estimate the often has few
result for known data
certain value of ~—— points
independent INTERPOLATION om0 obtained through

variable by using experiments and
interpolation sampling.

method.

Interpolation is a method of constructing new data points within the range of discrete data
set of known data points. It means estimating the value of f(x) for a certain value of x,
provided that x must lies within the range of the data set and the interval or step size of x
points is not necessary to be equidistant.
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INTRODUCTION (Cont.) Ui

Given the data points that generated through the function f(x) = cos(2x + 1)

Table 1: Data Generated from f(x) = cos(2x + 1)

X f(x) X f(x)
0 0.5403 2.0 0.2837
0.5 -0.4161 2.5 0.9602
1.0 -0.9900 3.0 0.7539
1.5 -0.6536
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INTRODUCTION (Cont.) 5
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The data points given in
Table 1 can be plotted
by using linear or
curvilinear interpolation
as illustrated in the
Figure 1.

Figure 1. Linear and curvilinear interpolation
of the data points.

In order to estimate the value of f(2.4), a polynomial function for the
respective data by using interpolation method.
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INTRODUCTION (Cont.)

Spline and

piecewise

interpolation which

Is divided into two; 2
Linear and

Quadratic

splines. A
W \ INTERPOLATION

METHODS

@ ®®@ by Norhayati Rosli
http://ocw.ump.edu.my/course/view.php ?id=449
Communitising Technology

~l Universiti
Malaysia
PAHANG

Polynomial
interpolation
which is divided
into three;
Newton
interpolation,
Lagrange
interpolation
and Inverse
interpolation.
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POLYNOMIAL INTERPOLATION Ui

Polynomial
Interpolation is the
most common
method used in
practice.

Two types of polynomial
interpolation: Newton 4
Interpolation and

Lagrange Interpolation.

Polynomial
Interpolation

There is only one

It refers to a method of 3 2 polynomial of order n
determining the unique that passes through

th i
n qrder polynom|al_ allthen+1
that is n + 1 data points. an observations.
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NEWTON INTERPOLATION § s
METHOD

Newton Interpolation Method: General Form

Eolpiali

The general formula for an nt* order polynomial is
f(x)=a, +ax+a,x’+..+ax"

For n 4+ 1 data points, there is one and only one polynomial of order n that
passes through all the points.

Polynomial interpolation consists of determining the unique nt*-order polynomial
that fits n + 1 data points. Suppose that the function f(x) is tabulated at the
points x,, x4, ..., x,Where the x point is not necessary to be equidistant. the
Newton interpolating polynomial of degree n can be written as

fo (%) = T (X)) +(X—=%) F[X5, X ]+ (X=X ) (X = %) T [ X, X, X, ]

e (X=X ) (X=X ) - (X=X g) FI[Xg0 o0 X g0 X0 ]

where f(X)= f[x,, X1 f[X, X, %1,..., F[Xg, X, ..., X, ] are Newton's divided
difference that can be calculated using Table 2. e
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NEWTON INTERPOLATION METHOD (Cont.) QHAW"

Table 2: The Newton's Divided-Difference

AHANG

x; | f(x) First Second Third
divided differences divided differences divided differences
xo | f(xo)
xi | Flxa) | Flxe,xo] = L0
x| o) | fho,xi]= L= | fbo,x,x] = 20 =0
X3 f(x_’.}:} f[Xg,Xg] — % f[xfr:xz:lxl] — rxs ,xfi:;][_xz-‘ﬁ] f[xfr:xzsxl:xﬂ]
_ faxeoa]—fxa.x .x0]
X3 —Xp
xg | f(xa) | flxa,xs] = "PUZU8) | flxy xg, ] = et be 0] fxa, X3, X2, Xi]
__ Fxaxs ol —fso.xl
Xg—X]
x5 | F(xs) | flxs,xg] = =0 | flxg, xg, xg] = TP Ml flxs, xa,x3,x2]
_ flx5.xq.x3]—Fxa.x3.%0]
XE, — X2
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NEWTON INTERPOLATION  U:is:
METHOD (Cont.)

Example 1

Given the data below.

X 1 5 9 13
f(x) = Inx 0 1.609438 2.197225 2.564950

Based on the given data, estimate In(7) using third-order Newton
interpolating polynomial. Then, calculate the true percent relative error, &;.

Numerical Methods

@ ®®© by Norhayati Rosli
http://ocw.ump.edu.my/course/view.php ?id=449
Communitising Technology




ngnesring + Technology + Creat

NEWTON INTERPOLATION METHOD (Cont.) QEAAEXN;

Solution

Form a divided-difference table.

15t Divided 2"d Divided Difference 3rd Divided
Difference Difference
1 0
1.609438-0
5-1
5 1.609438 =0.40236
2.197225-1.609438 0.14695-0.40236
9-5 9-1
2.564950 - 2.197225 0.09193-0.14695 —0.006878 - (—0.03192)
13-9 13-5 13-1
=0.09193 _ _
13 2 564950 =-0.006878 =0.002087
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NEWTON INTERPOLATION  U:is:
METHOD (Cont.)

Solution (Cont.)

m Compute the approximate solution:

fa (%) = T(X) + (X =X%5) T[Xp, Xo I+ (X =%, )(X = X) T[X;, X, %]
+ (X=X ) (X =% )(X = X;) T[ X5, X,, X;, %, ]
f,(X) =0+ (7-1)(0.40236) + (7 —1)(7 —5)(-0.03192) + (7 —1)(7 —5)(7 —9)(0.002087)
~1.981032

m Compute the exact solution: In(7) = 1.945910.

x100% =1.8049%

. 1.945910-1.981032
‘ 1.945910
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LAGRANGE INTERPOLATION U
POLYNOMIAL

Lagrange Interpolation Method: General Form

Lagrange interpolating polynomial is a reformulation of the Newton
polynomial which avoids the computation of divided differences.

The function f(x) is approximated by using

fL100 = > L OO F(x)

where
n_ X — X,
L(x)=1]1] ’
| ji=0 Xj — X;
J=i

is the Lagrange coefficient with nt" order of interpolation.
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LAGRANGE INTERPOLATION  Ui:s:
POLYNOMIAL (Cont.)

Example 3

Estimate f(2) by using Lagrange interpolation polynomial for the following

data.
X 1 4 5 6
f () 2.0248 8.1915 11.3181 16.8020
Numerical Methods
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LAGRANGE INTERPOLATION Ui
POLYNOMIAL (Cont.)

In this example, we are given four data points. Therefore, n = 3, that is we

need to derive a cubic polynomial using Lagrange interpolation method. The
formula of third order Lagrange interpolation is:

00 =Ly f (%)~ L (%) + L (%)+ L (%)
X)) ) o) k) (ox)
(%0 =% ) (%o =%, ) (% = X;) (% =) )
RS
(Ot —x0) 06— %) (6 -%) V) (g
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LAGRANGE INTERPOLATION  Ui:s:
POLYNOMIAL (Cont.)
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INVERSE INTERPOLATION ) ot

Newton divided-
difference method
and Lagrange
interpolation 1
methods are used
but in
d way.
reversed way @
\5 4 INVERSE Method of finding the
INTERPOLATION value of x for a
certain value of f (x)
2 which is inside the
range of data set.
This case is called
inverse interpolation.
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INVERSE INTERPOLATION (Cont.) U5

The general Inverse Newton interpolation polynomial can be represented as

P(f)=x,+(f—f) X[y, fo]+ (=) (f=f)x(f,, f,, f,]
ot (F =) (F =) (F=F, )X Fo, Fo g, o]

where

Xy Fog =X, fe B

X[f,, T v Tol —
n 0
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INVERSE INTERPOLATION (Cont.) Uz

Inverse Lagrange Interpolation Polynomial

The general Inverse Lagrange interpolation polynomial can be represented as

P(F) =2 LT (%)

where
n f—f
Lif(xi): H J
j=0, j=i fi o fj
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INVERSE INTERPOLATION (Cont.) Uz

Example 4
5

The following table is generated through the function f(x) ==

X 1 4 5 6
f(x) 2.0248 8.1915 11.3181 16.8020

Employ inverse interpolation to determine the value of x that correspond
to f(x) = 1.5 for the above data by using

i) Newton interpolation method

i) Lagrange interpolation method

Then, compute the true percent relative error for both methods. Use five
decimal places in all calculations.
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INVERSE INTERPOLATION (Cont.) Uz

1) Inverse Newton interpolation method.

() =%+ (f = f)x[f, fo]+(f = f)(f = T)x[f,, T, f,]
+(f = f)(F = f)(f = f,)x[f;, f,, T, ]

P,(f)=3.2+(1.5-1.5625)(—2.17628) + (1.5—1.5625)(1.5 —1.4706)(1.5651)
+(1.5-1.5625)(1.5—1.4706)(1.5—1.3889)(-1.19719)
=3.33339
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INVERSE INTERPOLATION (Cont.) Uz

i) Inverse Lagrange interpolation method

(1.5-1.4706)(1.5-1.3889)(1.5-1.3158)
(1.5625 —1.4706)(1.5625 —1.3889)(1.5625 —1.3158)
(1.5-1.5625)(1.5—-1.3889)(1.5-1.3158)
(1.4706 —1.5625)(1.4706 —1.3889)(1.4706 —1.3158)

. (1.5-15625)(15-1.4706)(L5-13158)
(1.3889 —1.5625)(1.3889 —1.4706)(1.3889 —1.3158)
. (1.5-1.5625)(15-1.4706)(1.5-1.3889) 38
(1.3158 —1.5625)(1.3158 —1.4706)(L.3158 —1.3889)
=0.15287(3.2) +1.10046(3.4) — 0.32646(3.6) + 0.07313(3.8)
= 3.33339

P,(1.5) = (3.2)

(3.4)

(3.6)
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SPLINE AND PIECEWISE U5

INTERPOLATION

B A high order polynomial interpolation might not be the best choice to interpolate
between a large numbers of data points because of erroneous results due to
round-o error and overshoot.

B A higher-order polynomial tends to swing through wild oscillations in the vicinity
of abrupt change (see Figure 2).

fix) FLES] il
A ) M
\/A/\ /\/f\p‘ \/\/’\/\1
> . > x < ox
3" order polynomial 5™ order polynomial 7™ order polynomial

Figure 2: Abrupt changes of the function as the order of polynomial gets higher.
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SPLINES AND PIECEWISE )i

INTERPOLATION (Cont.)

M An alternative approach which
apply lower order polynomials to
subsets of data points is
required to interpolate the value
of f (x) for large number of
data. 0—0—0—/—._’—‘

M This approach is called spline
interpolation method. Spline > X
polynomial often performs better

than higher degree polynomials. _ : _
B As in Figure 3, spline performs Figure 3: First-order polynomials

better because it kept the generated through spline
oscillations to a minimum by interpolation for seven data points

using small subsets of points for
each interval rather than every
Numerical Methods
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SPLINES AND PIECEWISE Ui
INTERPOLATION (Cont.)

Introduction (Cont.)

Quadratic or 2 1 Linear or First
Second Order Order Spline
Spline Interpolation
Interpolation A
“’ SPLINES
INTERPOLATION
Numerical Methods
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LINEAR SPLINE ¥ [

Introduction

In the first-order spline,
basically we are finding the
straight line equations
connecting each pair of interval
(x;,xigq)for 1<i<n-—1as
illustrated in Figure 4.
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Figure 4: Graph of first-order spline.
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For linear spline, the
set of straight line
functions for n given
pointsand n — 1
intervals are
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Linear Spline: Formula

»

s, (X) = f, + fz_fi(x—xl) X, < X< X,
, —
f,—f,

S,(X)=f, +=——=(x-X, X, X <X,
3%
f,— 1,

S;(X)=f, + (X—=X;) X; <X X,
4 73




LINEAR SPLINE (Cont.) i
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Consider the following data.

X 2 5 8 11
f(x) 1.5 4 2.8 6

1) Derive a set of linear functions for the data given.
i) Evaluate the function at x = 6.5.
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LINEAR SPLINE (Cont.) ) ot
B

1) Since we have four data, so we can determine three splines function,

s,(x) = f, + f= 1y (x—x)=15+ 4'0‘1'3 (x—2.0) 20<x<5.0
2 g
s,(x)=f,+ f— 1, (Xx—x,)=4.0+ 28-4.0 (x-5.0) 5.0<x<8.0
=X, 8.0-5.0
S;(X)= f, + f— 1, (X—X,)=2.8+ 60-28 (x—8.0) 80<x<11.0
X, — X, 11.0-8.0
i) Since x = 6.5 lies in the second interval, so we will use s, to make the
prediction,
2.8-4.0
S,(6.5) =4.0+ 6.5-5.0)=3.4
»(6.5) 5050 )

Numerical Methods
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QUADRATIC SPLINE ) ot

Introduction

In the second-order spline, we
are ending the quadratic
equations connecting each pair
of interval (x;,x;,4) for

1 <i<n-—1asillustrated in
Figure 5.
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A Second-order spline
5,(x) l/
5.(x)
' §3(x)

Figure 5: Graph of second-order

spline.
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QUADRATIC SPLINE (Cont.) Ui

In general the quadratic spline function is:

s(X)=a +b(Xx—x)+c(X—x%)° X <X<X

i 1+1

where the constants a, b and ¢ can be calculated using

a = fi
fi+1 — fi +bihi +Cihi2
b.,=Db+2ch

and giventhat c; =0 and h; = x;,.1 — x;.
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QUADRATIC SPLINE (Cont.) U
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Example 7

Consider the following data.

X 2 2.5 3 3.5

£(x) 0.125 0.064 0.037 0.0233

) Fit the data with second-order splines.
i) Evaluate the functionat x = 2.2and x = 3.3.
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QUADRATIC SPLINE (Cont.) Ui
soltion

1) Find s;(x) for interval 2 < x < 2.5:
s,(X)=a, +b,(x—x)+¢, (X=X’
c,=0,a =1 =0.125
s, (X) =0.125+Db,(x—2)

h=X, % —25-2=05

f,+bh +ch®=f,

0.125+b,(0.5) = 0.064 — b, = —0.122
b +2¢h =b, —>b, = 0,122

Thus,

5,(X) =0.125—-0.122(x — 2).

Numerical Methods
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QUADRATIC SPLINE (Cont.) Ui

Find s, (x) for interval 2.5 < x < 3.0:
5,(X) =2, +b2(X_X2)+C2(X_X2)2
a, = f, =0.064
s,(X) =0.064+h,(X—X,)+C,(X—X,)’

h,=X-X,>3-25=05

f, +b,h, +c,h,” = f,

0.064 +(-0.122)(0.5) +¢,(0.5)* =0.0370 — ¢, = 0.136
b, +2¢,h, =b,

(-0.122) + 2(0.136)(0.5) =b, - b, =0.014

Thus,
s,(x) =0.064—0.122(x — 2.5) —0.136(x — 2.5)°

Numerical Methods
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QUADRATIC SPLINE (Cont.) Ui

Find s;(x) for interval 3 < x < 3.5:
S,(X) =a, +b,(X—X,) +C,(X—X,)°
a, = f, =0.0370
$,(X) =0.037 + b, (X — X,) + ¢, (X —X,)*

h,=X,—X —35-3=0.5
f,+bh, +c,h° = f,

. 0.037+(0.014)(0.5) +¢,(0.5)° = 0.0233 > ¢, = ~0.0828
us,

s,(X) = 0.037 +0.014(x —3) —0.0828(x — 3)°

Numerical Methods
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QUADRATIC SPLINE (Cont.) ) ot
B

Therefore:

5,(X)=0.125-0.122(x—2) 2.0<x<25
s,(x) = 0.064—0.122(x —2.5) —0.136(x —2.5)> 2.5<x<3.0
s,(X)=0.037+0.014(x —3) - 0.0828(x—3)° 30<x<35

i) To estimate the value of f (x) at x = 2.2, we use s;(x) since x = 2.2 lies
in the interval [2,2.5]. Hence,

5,(2.2) =0.125-0.122(2.2— 2) = 0.1006

To estimate the value of f (x) at x = 3.3, we use s;(x) since x = 3.3liesin
the interval [3,3.5]. Hence,

5,(3.3) = 0.037+0.014(3.3—3) —0.0828(3.3—3)? = 0.0337
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CONCLUSION

Interpolation method is used to estimate the value of f(x) for any value of x

within the range of discrete data set of known data points .

B The methods involve in this chapter are polynomial interpolation method
and splines method.

® Polynomial interpolation method covers in this chapter are Newton
interpolation method and Lagrange interpolation method while splines
method divided into two methods which are linear spline and quadratic
spline.

B Inverse interpolation method is to estimate the value of x for any value of

f (x) within the range of discrete data set of known data points .
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