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Chapter Description

« EXxpected Outcomes

— Find the half-range Fourier cosine series and the half-range
Fourier sine series

« References

— Abdullah, S., Nasir, N.M., Jusoh, R., Aziz, L.A. & Yusoff,
W.N.S.W.,, Ordinary Differential Equations for Engineering
Students. 2016. Universiti Malaysia Pahang.
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4.4 Half — Range Series

» Sometimes a function is given only half of the range (half of
the period), and we are required to find the corresponding
(full range) Fourier sine series or Fourier cosine series.

» Half-range Fourier sine series
» Half-range Fourier cosine series

> If T(t) be agiven half-range function and f " (t) is the
corresponding periodic function, then the Fourier series of is

f"(t) given by

f*(t)=%a0 +Y (a,cosnat +b, sinnet) (i)
n=1
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Where the Fourier coefficients are

:f £ (t)dt (i)

—|||\>

+

[ f7®cosnatdt n=123,.. (iii)
d

2
h T

+

n:%j f (t)sinnwtdt n=1,2,3,.. (v)
d
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> Is a series that has only sine terms but no cosine terms, thus;

Half-range Fourier sine series

Half-range Fourier sine series —— a =0, n=123..

d+T
J' f (t)cosnwt dt =0
d
f"(t)cosnwt is odd

£(t) is odd

|1

» Therefore the half-range Fourier sine series is given by

f7(t) => b, sinnwt
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Half-range Fourier cosine series
» |s a series that has only cosine terms but no sine terms, thus;

Half-range Fourier cosine series —— b, =0, n=123,..

d+T
— j f*(t)sinnwt dt =0
d

— f (t)sinnwt is odd
— f7(t) is even

» Therefore the half-range Fourier cosine series is given by
« 1 e
f7(t) =38 + > a, cosnat
n=1
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Example 7: Half-range Fourier sine series

Consider the function
f (t):t, O<t<1

For a half-range Fourier sine series,
(i) sketch the graph of f (t) and the waveform f(t)
(i) write down the analytical description for f ()

(iii) show that b, =2(1-cosnz), n=123,....

Obtain the half-range Fourier sine series
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Solution
(1)

. | —— | ]__—I | ———
(i) o o
! ! ! | i

. | | | |
f(t) f5 1 P S

- > ! | ! |

I | | | | |

Lt | | | | |

> 1 %__, | I |

For a half-range sine series the corresponding periodic function,

f"(t) is odd. Thus the graph of f"(t) is symmetric about the
origin.
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(ii) The analytical description of the periodic function f " (t) is

N -1, —-1<t<O
f(t) =
1, O<t<l

f )= £ (t+2)

(iii) The period, T=2 and @ = 2. The nonzero Fourier coefficients,

20 xn n .
b, =§jlf (t)sin nztdt (7(t)sinnzt is even)

1
= zxjsin nrtdt
0

cos nst ' 2
=—2{ } =—(1-cosnrx)
nr |, Nz
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Now,
2 4 2
— "~ (1—cosrx) =— b, =—({1—-cos2xz)=0
bl 17r( 7T) 1r 7 272_( 7T)
b, = -2 (1—cos37) = b, = > (1—cos4x) =0
3 3 47

Therefore, the half-range Fourier sine series is
f*(t) = b, sin zt +b, sin 2zt + b, sin 3zt + b, sin 4zt + b, sin 57t +...

= isin 7zt+0+isin 37zt+0+isin S5at+...
T 3 57

B iisin(Zn — Dt
TS 2n-1
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Example 8: Half-range Fourier cosine series

Consider the function
f(t)=2t, O<t<=z

For a half-range Fourier cosine series,

(i) sketch the graph of f(t) and the waveform f~ (t)

(i) write down the analytical description for " (t)

(iii) show that a, =27 and b, :nzi(cosnyz—l), n=12,3,..
T

Obtain the half-range Fourier cosine series

‘ Ordinary Differential Equations

@ @ @ @ by Nor Aida Zuraimi bt Md Noar
http://ocw.ump.edu.my/course/view.php ?id=446

S s



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

~l Universiti
Malaysia
PAHANG

Solution

(i)

_2t T 2t

4
—

37 27 —r T 2w 37

For a half-range cosine series the corresponding periodic function,

f"(t) is even. Thus the graph of f~ (t) is symmetric about the
vertical axis.
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(ii) The analytical description of the periodic function f~ (t) is

. —2t, — t<O
£ (1) = T<t<
2t, O<t<orx

=21t|, —rm<t<unrx

£ ()= f(t+27)

(i) The period, T =27 and @ =1. Then,
2 T
=— | 2|t| dt
% =5, 2N

:£j|t| dtzij‘t dt =2r (t| even)
72-—7[ 7Z-O

‘ Ordinary Differential Equations

@ @ @@ by Nor Aida Zuraimi bt Md Noar
http://ocw.ump.edu.my/course/view.php ?id=446

S s



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

Universiti
Malaysia
PAHANG

1 7T
= — 2t t dt :1,2,3,....
a, E_J' t|cosn (n )

2 7 2 7
=— ||t tdt=2x—|t t dt t t
ﬂ_j||cosn xﬂ_[ cosn (t|cosnt even)

_4 td(smntjzi {tsmnt} J-smntdt
T n T

0

-

. O—{— cosnt} =;i(cosn7z—1)
0

SN

n? n°r

N
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Now,

4
=——(cosz—1)=——— —

~1)=0

q — 8
3 3 ju a,
8
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The half-range Fourier cosine series is

f"(t) =7 +a,cost+a, cos 2t +a, cos 3t +a, cos 4t +a, Cos5t +...

=7z—§ cost+0+1c053t+O+icos5t+...
7T 9 25

_ 8 cos(2n-1)t
B ﬂz—;‘ (2n- 1)
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Summary of half — range series

Half-range The waveform is .

Fourier sine f*(t) odd symmetric about the | f'(t)=)_b, sinnat
series origin. *

Half-range The waveform is 1 B

Fourier cosine | f'(t) even symmetric about the | f'(t)= % +Z;,an cos nat
series vertical axis.
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4.5 Effect of Harmonics

» It is interesting to see how accurate the Fourier series
represents the function with which it is associated.

» The complete representation requires an infinite number of
terms, but we can at least see the effect of including the first
few terms of the series.

» See example 6 for the illustration.
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Example 9
The Fourier series of the periodic function

f()
f(t)=[t|, —-1<t<1 )
f(t): f(t+2) " 0.6
iS G T s o es il
1 4 (cosxt cos3xt cosbhrt
f(t)==-—— + + +... .
2 1 3 5

If we start with just one cosine term, we can see the effect of
including subsequent harmonics. Detailed plotting of points

gives the following development.
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1 4cosnxt
f(t):———zﬂ 1 4 (cosxat cos3xt
2 1 f)=2-—| =+
1) a
8 ()
0.8 1
0.6 0.84
0.4 0.6
02 044
. : : ot 02
1 0.5 0 05 1
.................... t
1 0.5 0 0.5 1
1)
-
1 4 (cosxt cos3at cosbat cos7at 024
f(t)==-— + + + .
2 T 1 3 5 7 0.6
04
024
— — 7T [
-1 -0.5 0 0.5 1
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Overview of Fourier Series

Waveforms and its
analytical descriptions

The use of the properties
of odd and even functions
in calculating Fourier
coefficients

HALF-RANGE

FOURIER SERIES ||| >

Find Fourier

series and
half-range
Fourier series
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