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Chapter Description

« EXxpected Outcomes
— Find the Fourier series of some periodic functions
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4.3 Full Range Fourier Series

If f(t) is a periodic function with period T, the Fourier series of f(t)

is given by _
f(t)=%ao+z_1:(an cos newt + b, sin nwt) (4.1)

where the Fourier coefficients are
d+T

2
= — f (1) dt

3 = = j (t)
2d+T

an=—_[ f(t)cosnwt dt n=12,3,...
T d
2d+T

bnz—j f(t)sinnet dt n=123,...
T d

The choice of d is arbitrary as long as the integration is over a
period of T QOBO) it
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Example 4

A periodic function f (t) is given by
-2, —n<t<0
f (t)= i
2, 0<t<nrx

f(t)=f(t+27)

a) Sketch the waveform of this periodic function
over [-7,37]
b) Find the Fourier series of f (t)
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Solution
a)

1 F(@)

[\ ¥

Since the waveform is symmetric about the origin, f (t) is odd.
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Solution
b) Since T =27, we have @ = g—ﬂ =1. Now we calculate Fourier
. . T
coefficients.

f (t) and f(t)cosnt are odd, then: 1"
mz—jfmgmum
72-—7r

2== | () dt=0 -

2 1 |

-7 = 2_[23|n nt dt}
0

T
anzgjf(t)cosnt dt =0 zi__cosnt}”
7 | n |
—[1-cosnr]
Nz
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Solution
Now,
4 8 4
b, =E[1—0057z]=g b, :5[1—00327r]:0
4 8 4
b, —g[l—cos%]—g b, —E[l—cosmz]—o
4 8 4
b, ‘g[l‘COSS”]‘g b, —a[l—COSGz]_O
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Solution

Substituting the above results into Equation (4.1)

f(t)=> b,sinnt
n=1
=D, sinlt +Db, sin 2t + b, sin3t + b, sin 4t + b, sin5t + ...

:Esint+0+£sin3t+0+isin5t+...

T 3 S5x
8 (sint sin3t sin5t )
= — + + +...
7\ 1 3 5
8 & sin(2n -1t
f(t)=—z ( )
= (2”—1)
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Example 5
A periodic function f (t) is given by

f(t)=lt|, -1<t<1
f(t)="f(t+2)

a) Sketch the waveform of this periodic function

over[_3, 3]
b) Find the Fourier series of f (t)
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Solution
a)

Since the waveform is symmetric about the vertical axis, so f (t)
IS even.
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Solution

b) SinceT =2, then w=rx. f(t) is even, hence, f(t)sinnzt is odd.

Therefore,

1 5 1
bnzgjf(t)Sinnﬂtdt:O aozajlf(t) dt =1
1 _

. . (the area of the shaded region)
a, =§j f (t) cosnxt dt=2jtcosn7zt dt
-1 0

1 - 1
—2[td (S'” ””t) — 2 [td(sinnzt)
0 n”o

V74
2 ¢ 2 cosn t1 2
. 1 ; VA
= tsmn;zt\o—jsmnnt dt |= =——(cosnz-1)
(14 0 Nz Nrx 0 N7z
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Solution
It follows that
2 4
alzﬁ(com—l):—ﬁ, a,= 7 (cos27-1)=0
2 4
aszﬁ(cos&z—l):—ﬁ, a4:42ﬂ2(cos47z—1):0
4 2
a. —To a, :62_7Z2(COS67T_1):0
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Substituting the above results into Equation (4.1)

f (t) :%+Zan cos nzt

n=1
f(t)—i{—icos;zt— cos 3zt — cos5zt + }
2 7’ 3’ 52 °
1 4 [cos zt  cos3zt cos5rt }
=—— + + S
2 7t 17 3 5
l_ii cos(2n—1)t
2 7°%4  (2n-1)°
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Example 6

A periodic function f t) is defined analytically by

B 1 -1<t<0
- 2, O<t<1l
=f(t+2)

a) Sketch the waveform of this periodic function
over (-3,3)
b) Find the Fourier series of f (t)
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Solution

d ) f1)

From the waveform, we find that the graph is not symmetric
about the vertical axis as well as the origin. So, f (t) is neither
odd nor even.
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Solution

b) Since T =2, then w=7x. Now we calculate all the Fourier

coefficients.

1
ay = %_[ f(t) dt=3 (the area of the shaded region)
-1

a, = 2 _[_11 f (t)cosnzt dt

2

0 1
= j cosnszt dt + j 2cosnst dt
-1 0

B [sin nzt T +[Zsin nt T
nz |, nz |,
= i[sin(O) —sin(—nz) ]+ ni[sin(nyz) —sin(0)] =0 (sinnz =0 for every n)
T
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Solution

2 1 .
b, :Ef_lf(t)3|n nsztdt
0 1
— J'sin Nzt dt+j25in nzt dt
-1 0

B [_ cos nsrt T N [_ 2 cos nt T
nz |, Nz o

__ 1 |1—cosnxz |- 2 [cosnz —1|= 1 (1—cosnx)
Nz Nz Ny
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Solution

It follows that

blzi[l—com]:i bzzi'l—cosbz':O
1z 1z 2 - '

bgzi'l—cos&z' _2 b4=i'1—cos47z' =0
3~ Y2 Ar - '

b, ~ 1 f-cossr]=2 b, =111 cos6r]=0
Y/ Y4 67" '
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The Fourier series is
1 0 .

f(t) :an + > b, sinnawt

n=1

:%(3)+(blsin7zt+bzsin 27t + b, sin 37t + b, sin 37t + b, sin 5t +...)

:E+(%sin7rt+O+isin37zt+O+isin57zt+...)

3 S5x
3 2., sinxzt sin3xzt sin5xt
=—+—( + + +...)
2 1 3 5
3 2&sin(2n-Dxt
ft)==+=> (2n-1)
2 7t (2n-1)
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Summary of Full Range

Fourier series of even function

> Suppose f (t) is an even function of period T and defined in
the interval d <t<d +T andf(t) be periodic with period T.

» Then, the Fourier series can be represented as

f(t) = %+Zan COS Nt
n=1

d+T

a0=$ j f (t)dt
d

d+T

2
a, =T j f (t) cos notdt n=12,..
d ] ] tial Equations
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Summary of Full Range

Fourier series of odd function

> Suppose f (t) is an odd function of period T and defined in the
intervald <t<d+T andf(t) be periodic with period T.

» Then, the Fourier series can be represented as
f () = E b, sin Nt
Nn=1

d+T

bnzgj f (t)sin newtdt n
T d

12,..
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Summary of Full Range

Fourier series of neither even nor odd functions

> If f(t) is neither even nor odd, then Fourier series is of the
form

f(t)= %ao +i(an cosnet +b, sinnat)
n=1

Ordinary Differential Equations

@ ® @ @ by Nor Aida Zuraimi bt Md Noar

YA =TS hitp.//ocw.ump.edu.my/course/view.php?id=446
Communitising Technology



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

Universiti
Malaysia
PAHANG

Author Information

Nor Aida Zuraimi binti Md Noar Rahimah Jusoh@Awang
Wan Nur Syahidah binti Wan Yusoff Laila Amera Aziz
Zulkhibri Ismail@Mustofa Samsudin Abdullah

Nadirah Mohd Nasir

Ordinary Differential Equations
)
0 \> @ by Nor Aida Zuraimi bt Md Noar

D: , D. .php ?i
‘ Commun/f/smg Technology


http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32
mailto:aidaz@ump.edu.my
mailto:wnsyahidah@ump.edu.my
mailto:nadirah@ump.edu.my
mailto:nadirah@ump.edu.my
mailto:rahimahj@ump.edu.my
mailto:laila@ump.edu.my
mailto:samsudin382@gmail.com

