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Chapter Description

Expected Outcomes
1.Determine the inverse Laplace Transforms using its properties
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3.3 INVERSE LAPLACE TRANSFORMS

FL{f (t))=F(s),then f (t)=L{F(s))



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

Laplace Inverse Table } vklﬂrg?ga;ssiig
. PAHANG
F(s),s>0 f(t) F(s),s>0 f (t)
S 5% _ g2 cosh at
n! ; S _
Sn+1 t 32 _az Slnh a.t
—sd
L eat e_ u(t _d)
s—a S
% sinat g 5(t —d)
S“+a
> 1 S(t
—— cosat (t)
S +a

Ordinary Differential Equations

by Nor Aida Zuraimi bt Md Noar
p.//ocw.ump.edu.my/course/view.php id=446

Communitising Technology

©0Re

BY NC SA



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

~l Universiti
Malaysia
PAHANG

Example :

Find the inverse Laplace transforms of

(a)

(c)

(e)
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[ 3.3.2 INVERSION OF FIRST SHIFT THEOREM }

From the first shift theorem,

If L{e“"“f (t)} =F(s+a) then L{F(s+a)j=e"f(t)

L F(s+a)}=e™ f(t)
l £

a="7?, F(S+a) —>F(S)—> f(t)

Note : The value of g is ALWAYS identified from the denominator of the
fraction.
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Example : Use the first shift theorem to find the inverse Laplace transforms

of the following functions.

4
(a) —(s —3)?
(b) >

(s+4)° +1

s—1

< S°+4s+6
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(a) 4
a=-3, F(s-3)=——=
3)

(s—=3)—>s

S_
4
S3

f(t)=2 1{%}
S

F(s) =
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® a4, Fs+d)=—
(s+4)" +1
_(s+4)-4
C(s+4)?+1
substitute[s:(s+4)—4 } then convert[(s+4)—>s}
s—4
I:(S):sz+1

4| s—4
-]

= Ccost —4sint

Ll{(s :)2 1}ze‘“(cost—4sint)
+4)° +
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(c) In order to identify a, use completing the square method. VPAHANG

s-1 = s-1
s°+4s+6 (5+2)2+2
a=2, F(s+2)=— 1
(s+2) +2
_(s+2)-3
(s+2)2+2
s—3
F(s) =
(5) s% +2
3 .
f(t =cos\/§t——sm\/§t
(t) 7
Ll{ s—1 }ze2t cosﬁt—isinﬁt
S +4s+6 J2
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[ 3.3.3 INVERSION USING PARTIAL FRACTION }

EXAMPLE OF PARTIAL FRACTION DECOMPOSITION:

s°-2s+3 A , B . C
s—2)(s+3)(s+5) s—-2 s+3 s+5
(s—2)(s+3)(s+5)

55+3 A B C D
* 2 7= t2™ + 2
s°(s+2)° s s° s+2 (s+2)
. S+6 _A B Cx+D

(2s2 —55)(232 +35+4) s 255 25 +3s+4
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Example: Express the following expression as partial fraction and find the
Laplace inverse.

7S+ 3

(a) 3 2
S° +3s° —4s

S% +9s+ 22
(b) .
(s—1)(s+3)
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(a)

/s+3 A B C
=—+ +

s(s—1)(s+4) s s-1 s+4
7s+3=A(s—1)(s+4)+Bs(s+4)+Cs(s—1)
Can either use substitution or comparison method
_0- 22— A(_ __3
s=0: 3=A(-1)(4) = A=-3
s=1: 10=B(1)(5) = B=2
s=-4:-25=C(-4)(-5) = C=9]

£1{ 7s+3 }‘Eli/ /

s +3s% —4s
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b S'*9s+422 A B C ) ot
(s—l)(s+3)2 s—1 s+3 (s+3)2
A(s+3)2 +B(s—1)(s+3)+C(s—1)=5°—-95+22
A+B=1 )
6A+2B+C =9 tA=2,B=-1,C=-1

9A-3B-C =22

e S° +9s + 22 _ o 2 1 1
(s—l)(s+3)2 s—1 s+3 (s+3)2

=2e' —e ' —te™ I
By inversion of first shift theorem,
1 1 o) 1 3t
a=3, F(s+3) = > = F(s)=— = f(t) =t.Hence, £ > =1te
(s+3) S (s+3)
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3.4 CONVOLUTION THEOREM

If L7H{F(s)}=f(t) and L7{G(s)} =g(t) then

F(S)G(s) jf(t-u)g(u)du

7
k NS

Sa

£} £
F(8) — T(t)— T(t-u) G(s) — g(t) — 9(u)
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Example: Use convolution theorem to find the Laplace inverse of the
following functions.

(a)
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(a)

4 4
s?—9 (s—-3)(s+3)

__ 4 1
F(S)_(S_3) - G0) (s+3)
1:('{)2463t , g(t):e—st
f(t-u)=4e"e* , g(u)=e™

A t t a-6u t
L { 9} = I4e3te‘3“e‘3“du = 4e3tj'e‘6”du = 4e™ { }
0 0

:4e3t|:66t +1:|:_Ee3t+§e3t

6 6| 3
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(b)

e fa] e

s +1 Kl'abular Method \
Diff Int
F(S)— G(S) (S +1) (+) t— U\Slnu
(-) —cosu
f(t)=2t, g(t)=sint \(+) 0 \—sinu/

f(t—u)=2(t-u), g(u)=sinu

t

jz(t—u)sinudu =2(—(t—u)cosu—sin u)‘

0

=2(—sint)—2(—-tcos0—sin0)
=-2sIint+ 2t
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3.5 LAPLACE TRANSFORM OF INTEGRAL

If L£{f(t)} = F(s)

-~ \
£<jf(u)dU>:@
o | >

]
v

Ly

{ fu)——=1@)— |:(S)}
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Example: Find the Laplace transform of the integrals.

t
(a) j3u+7du
0

t
(b) jucosZu du
0
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@) f(uUy=3u+7
f(t)=3t+7
7

F(9) = L{3t+T} = +2

S
3
s° s

LT
s° s

t
L jBu+7du —
0

1
S
3

3
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Solution:
(a) Using derivative of t-transform
Fu)=ucosau L{tcos2t} = (-1)* dF (s)
ds
f(t) =tcos2t D O
F(s)= L{tcos2t} <— — — — oS
2 - s2+4
. s°—4 ) .
(52 +4)2 L{tcos2t} =(-1) ds[sz+4j
t 2_ (1 (32+4)—252
L _fucosZu du = s*—4 > & (52+4)2
0 S (s2 n 4) e
- (32 +4)2
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