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Chapter Description 

Expected Outcomes 

 

1. Solve non homogenous equations using the method of  

    variation of parameters methods. 

 

2. Determine and find the general solutions of Euler equations. 
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2.2 Linear non-homogenous constant-coefficient 
equations 

Theorem: 
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If  is a complementary solution of 

        0

and is a particular integral solution of nonhomogeneous equation

       ( )

then the general solution of nonhomogeneou
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s equation is given by
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2.2.2 LINEAR NONHOMOGENEOUS CONSTANT-

COEFFICIENT EQUATIONS: (METHOD OF VARIATION OF 

PARAMETERS) 

Recall back:  
The previous method can be used to find the solution where the f(x) term  
has the form of:  
 (i) 

  
 (ii) 
 
  
 (iii) 
  

 (iv)  linear combination or product of the above case. 
 

So now, we will concentrate on solving nonhomogeneous d.e when f(x) has 
the form of  
 
 
 
We will study a technique called variation of parameters which was introduced by  
a French mathematician, Joseph Louis Langrange(1736-1813M). 
   

( ) is a polynomial of th degreef x n

( )  where  and  are constantsxf x Ce C 

( ) cos  or sin  where ,  and  are constantsf x P ax Q ax P Q a

1
tan    cot    sec    cos       and  ln

n
x x x ecx x

x
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In this method, we let the general solution of the nonhomogenous d.e 

 

 

 

be  

 

 

where u and v are functions of x to be determined, and y1 and y2 are the  

solutions of the corresponding homogenous d.e 
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General solution : 

 

Below explain the formula to determine u and v.  

 

 

 

 

 

 

 

 

 

 

where                                . W is known as Wronskian.  
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S1: Express the given equation in the form of  

 

 

 

S2: Determine the values of a and f(x). 

 

S3: Find the complementary solution, yc. 

 

S4: Calculate the Wronskian,                               .            

        

 

 

S5: Calculate                                 and                                   

 

S6: Obtain the solution for  
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Example 1: 

Find the general solution of the differential equation 

 

Solution: 

 

122 2

2

2

 xy
dx
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1. 1   and    ( ) 2 1

2. Find :

        2 1 0

        1

        ( )
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4. Now, we obtain
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5. Solve for general solution
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Example 2: 

Find the general solution of the differential equation 

 

Solution: 
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tan

d y
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1. 1   and    ( ) tan         

2. Find :

        1 0

           

              cos sin
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1 2

2

2

2

3. Calculate the 

cos sin
   cos sin 1

' ' sin cos

4. Now, we obtain

( )
    

     sin tan
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1 cos
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     sec cos

     ln sec tan s
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u dx
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1

1 2
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  cos tan

  sin

  cos

5. Solve for general solution

    

     ln sec tan sin cos cos sin

     cos sin cos ln sec tan
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v dx
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Example 3: 

Find the general solution of the differential equation 

 

Solution: 

 

" 5 ' 6y y x  
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3. Calculate the 
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2.3 Euler Equations 

Euler equation is a special type of second order linear equations where the 

coefficients are functions of the independent variables. By using a suitable 

substitution Euler equations can be reduced to equations with constant  

coefficient. 

1
1

1 1 01

0 1

The linear differential equation of the form

... ( ) (3)

where the coefficient , ,...,  are constant.

n n
n n

n nn n

n

d y d y dy
a x a x a x a y f x

dx dx dx

a a a




 
     

2
2

2
( ) (4)

where the coefficient , ,  and  are constant

d y dy
ax bx cy f x

dx dx

a b c
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By using the substitutions 

 

 

 

 

into Equation(3), now this equation reduced to 
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x e x x
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S1: Ascertain that the given d.e is an Euler equation and express  
      in standard form                                               Hence, determine a,b,c and f(x). 
 
 
S2: Substitute                                                         
 
       to express the the d.e  as  
 
 
S3: Then find the general solution by using either the method U.C or V.P 
       The solution obtained in term of t. 
 
S4: Substitute back              in   to the general solution to obtain the solution in  
       term of x.  
 
S5: Obtain the particular solution if given the initial condition. 

2
2

2
( ).

d y dy
ax bx cy f x

dx dx
  

2 2
2

2 2
,  and t dy dy d y d y dy

x e x x
dx dt dx dt dt

   

 
2

2
( ),td y dy

a b a cy f e
dt dt

   

lnt x
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Example (1): Solve the given differential equation 

 

Solution: 

2

2 2

2
0

d y
y

dx x
 

2

2
2

2

2 2
2

2 2

Multiply the given equation with  so that it become Euler equation

2 0,

where 1, 0, 2 and ( ) 0.

Now, substitute ,  and 

into eqn and express in the form

t

x

d y
x y

dx

a b c f x

dy dy d y d y dy
x e x x

dx dt dx dt dt

 

    

   

 
2

2

2

2

( ).

We have

2 0.

td y dy
a b a cy f e

dt dt

d y dy
y

dt dt
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2

1 2

2

2 1

2

Now, we have homogenous equation with constant coefficient.

'' ' 2 0

2 0

2 and 1

( )

         

Substitute back ln  or ,  we obtain

( ) .

t t

t t

t

y y y

m m

m m

y t Ae Be

A e B e

t x x e

B
y x Ax
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Example (2): Solve the given differential equation 

 

Solution: 

2
2

2
5 3 ln

d y dy
x x y x

dx dx
  

 

2 2
2

2 2

2

2

2

2

This is an Euler equation where 1, 5, 3 and ( ) ln .

Now, substitute ,  and 

into eqn and express in the form

( ).

We have 

4 3 . (No

t

t

a b c f x x

dy dy d y d y dy
x e x x

dx dt dx dt dt

d y dy
a b a cy f e

dt dt

d y dy
y t

dt dt

   

   

   

   nhomogenous constant coefficient)

Now, use either method of undetermined coeffient or variation of'

parameters in order to solve this d.e.
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3
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1 3

3

By using method of undetermined coeffient give

and

1
4

3

So that,

1
( ) 4

3

1
                     4

3

Substitute back ln  or ,  we obtain

1
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