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Chapter Description

Expected Outcomes
1.Determine the solution of homogenous second order ordinary differential equations
with constant coefficient.

2.Solve non homogenous equations using the method of
undetermined.
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2.0 Introduction

The general linear differential equation of order n has the form

d n y d n—ly d n-2 y
an (X) dx” + an—l(x) W + an—z (X) an_2

+---+a1<x)%+ao<x>y=f(x) O

where |89(X),a,(X),...,a,(X)| and | T (X)| are functions in x. If

ao(x),al(x),...,an(x) are all constants, the differential equation is said to
have constant coefficients, otherwise it is said to have variable coefficients.

For n = 2,equation (1) becomes linear differential equation of second order. If
f(x)=0| equation (1) is called homogeneous differential equation.

If | f(X) #0|equation (1) is called nonhomogeneous equation.
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Example:
d2y Y dy
X° ¥+x——+0<—Dy 0
dxZ  dx e
e S \ -~ -~ N
Itis a’\homogeneous,linear differential equation With’yariable coefficients ,
~ _ 7’ S o -—— e =" <
2 d
¥+3—X+5y=e”smx
dx dx e —
- —TES ~ Y P - =~ ~ \
It is a(nonhomogeneous)linear differential equation With’\constant coefficients,
S ~ - - ~ S~ — - - -
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Functions VY,,V,,....Y, are said to be linearly independent if the equation

c,y,+CY,+..+Cc Yy, =0

has only a trivial solution, for which ¢, =c, =...c, =0. Conversely, the
functions are said to be linearly dependent if there is at least one of

C,,C,,...C, is not equal to zero.

n
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Determine whether the following sets of functions are linearly dependent or
linearly independent.
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a)k, cosx+ 2k, cosx =0

k, cos X = -2k, COS X
-2k,

COS X = COS X

1

k, =1 k, =2

Ordinary Differential Equations
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Verify that each functions of y is the general solution for the corresponding
equation on the right hand side:

a)y = Ae”* + Be™* y"—4y =0
b) y = Acos4x+ Bsin4x y"+16y =0
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2.1 Linear homogenous constant-coefficient

equations

Consider the second order linear homogeneous equation with constant
coefficient below:

2

Y b oy=0a=0...@Q)

dx? dx

a

mx

€ | is asolution of the given equation with m is any constant.

Let | Y

2
Then, | DY _ mem< and 9Y _ m2em

114

dx dx?
. dy d?y| . .
Substitute the value of y,& and e into equation (1). Therefore,

we have (am2 +bm+ C)emX =0
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. mX . —_— .
‘ But since € isneverzeroand |Y =€ " |isa

solution, this mean (am2 +bm+c)=0.....(2)

‘ Equation (2) know as characteristic or auxiliary

equation for the above DE.
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From the discussion, we should notice that from general form;

H+b%+cx 0, a=0
dt? dt

¢

we can find characteristic equation/auxiliary equation

‘am2+bm+c=0 , a;tO‘

Do J kuouz The characteristic equation can be
obtained from d.e by replacing:

2
[
dy
: dx
y —m°
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am’+bm+c=0 . a# (0] — characteristic equation

Now, the homogenous d.e has apparently been reduced to the purely algebraic
problem of finding the roots of c.e. As you know, the quadratic equation has three
types of roots, if the following conditions are satisfied.

(i) Distinct real rootsif |b® > 4ac

(ii) Equal real roots if b? = 4ac

(iii) Complex/imaginary roots is b® < 4ac

Therefore, the general solution of homogenous d.e depends on the type of
characteristic equation.

‘ Ordinary Differential Equations

@ @ @ @ by Nor Aida Zuraimi bt Md Noar
http://ocw.ump.edu.my/course/view.php ?id=446

S s



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

Universiti
Malaysia
PAHANG

y(X) = Ae™ + Be™”

Case (ii): Equal real roots |p? — 43¢

—> the c.e will have two equal roots

_ mx
—> the general solution : y(x) — (A+ Bx)e

m =m,=m

y(x) =e* (Acos Sx+ Bsin 8X)
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. ; 2
Find the general solution of dzy+3:y—40y:0

dx X

Solution:
Characteristic equation is
m2+3m—40:0

(m-5)(m+8)=0
m=5and m=-8

- The general solution is
y(x) = Ae>X 4 Be X

with A and B Is any constant.
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2

: : d d
Find the general solution of 4d7¥+12d—§+9y=0

Solution:
Characteristic equation is
4m* +12m+9=0

3 3 3
(m+§)(m+§)=O:>m1 =m2 Z—E
~.The general solution is

3 3 3
y(x)=Ae 2 +Bxe > =(A+Bx)e ?

with A and B is any constant.

‘ Ordinary Differential Equations

@ @ @@ by Nor Aida Zuraimi bt Md Noar
http://ocw.ump.edu.my/course/view.php ?id=446

S s



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

Universiti
Malaysia

d’y ,dy
Find the general solution of 2—5 a2 +4&+3y =0

Solution:
Characteristic equation is

2m? +4m+3=0

——1_—|

V2

1
where o =-1land f=—
J2
- The general solution is

y(x)=¢e" (Acosi X+ Bsin ixj

N-HARNG
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Find the particular solution of the following equation
satisfying the given conditions

Solution :
Characteristic equation:

m°—-4m+13=0 — a=1b=-4,¢c=13

_ —b++b?-4ac —(-4)++16-52
2a 2
 4+4-36
2

_4+61
2

m

2131 wherea=2,=3
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Therefore the general solution is

y =e*(Acos3x+Bsin3x) ... (i)

y'=2e”(Acos3x+Bsin3x) +
e”(-3Asin3x+3Bcos3X) ... (ii)

Substituting the condition y(0) =-1 into (i) we get
A=-1

Substituting the condition y'(0) =2 into (i) we get
B=4/3

Hence the particular solution is
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Characteristic Equation :

‘am2+bm+c:0 , a;éO‘

Case | Roots of Characteristic Equation General Solutions
1
and m
il : y(x) = Ae™ + Be™"
real and distinct
2 m =m, =m y(X) = (A+Bx)e™

equal real roots

3 m =a+flandm, =a-fi y(x) =e**(Acos SX+ Bsin £X)

complex roots
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2.2 Linear non-homogenous constant-coefficient

equations
Theorem:
If y_ Is a complementary solution of
2
ad—zl +b dy +cy=0
dx dx
andy Is a particular integral solution of nonhomogeneous equation
d’y . dy
a—s-+b—+cy=f(x
ok (%)
then the general solution of nonhomogeneous equation is given by
y(xX)=y.+Y,-
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Procedure for finding the general solution for nonhomogenous d.e.

Y=Y+ Y,
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Now, we will study the method of undetermined coefficients in order to determine
particular integrals Y, for linear nonhomogeneous equations

d’y , dy
a b cv = f (X .
dx? i der y=109 (i)

This method is applicable only when the nonhomogenous term f(x) on the r.h.s of
Equation(i) is one of this term;

CASE (1);> f (x) i1s a polynomial of nth degree

CASE (2): f (x) = Ce™ where C and A are constants

CASE (3): f (x) = Pcosax or Qsinax where P,Q and a are constants

LM: http://ocw.ump.edu.my/course/view.php?id=446
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A +AX+..+AX" B, + Bx+...+ B X"
e ke*”
COS X or sin X P COS SX+Qsin X
(A +AX+..+AX")e™ (By +Bx+...+ B x")e”
CoS X
(Ab+Aix+...+A1Xn){sinﬂx (By +BX+...+ B X" )cos Bx+(Cy +Cyx+...+C X" )sin X
e {Z?:ﬁ: e“*(pcos Bx +qsin £X)

COS X

(By+Bx+...+B,x")e™ cos Bx+(C, +Cx+...+C, X" )& sin X
sin Bx

(AO +AX+..+ Ahx”)e‘”{

Sums of any or some of the above entries Sums of the corresponding trial solutions
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CASE 1 : f(x) is a polynomial of nth degree

P(X)=AX"+A X""+.+Ax+A| BX'+B _X""+..+Bx+B,

‘ Ordinary Differential Equations

@ @ @ @ by Nor Aida Zuraimi bt Md Noar
http://ocw.ump.edu.my/course/view.php ?id=446

S s



http://ocw.ump.edu.my/course/view.php?id=32
http://ocw.ump.edu.my/course/view.php?id=32

Universiti
Malaysia
PAHANG

Example

Find the solution of the differential equation

Solution :
Find y_.: Repeat what you have done for homogeneous d.e.
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Find y, : We can see that nonhomogeneous term f(x): %% -1
So,

f(x)=2x*-1 >y, =ax’ +bx+c

Then,
y, =ax’ +bx+c
y,'=2ax+Db
y, =2a

Substitute this result into | : 2
y'=2y'+y =2x" -1
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Equating the coefficients of

so, ¥, =2x*+8x+11

Therefore

Y=Y 1Y,

Ordinary Differential Equations
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CASE2: f(x)=Pe"

f(x) Y,

Pe® Ce"
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Example

Find the solution of the differential equation

2
‘; Y +14%+49y — 4"
X X

Solution :
Find y_.: Repeat what you have done for homogeneous d.e.

m?+14m+49=0
(m+7)(m+7)=0
m =—7 (repeated)

y. =€ " (A+ BX)
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Find y, : We can see that nonhomogeneous term | f(x)=4e**

So,

f(x)=4e> > Y, =Ce”
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Substitute y, y,"and y "in the given DE

25Ce™ +14(5Ce®) + 49Ce> = 4e>

25Ce>* + 70Ce>* + 49Ce>* = 4e>*

144C =4 - C = —
36

Thus,

15x

yp :£e

Therefore

Y =Y.t Y,

y=e"(A+BXx)+ 1 s
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CASE3: f(x)=Psinkx OR Pcoskx
f (X) yp
Psin kx C cos kx+ Dsin kx
P cos kx C cos kx+ Dsinkx
P cos kx+ Qsin kx C coskx+ Dsinkx
P cos kx +Qsin mx X" (C cos kx + D sin kx)
+X" (E cosmx + F sin mx)

Ordinary Differential Equations
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Example

Find the solution of the differential equation
y"'-by'+6y = 2sIin4x

Solution :
Find y_.: Repeat what you have done for homogeneous d.e.

m*—-5m+6=0
(mM-3)(m-2)=0
m=3m=2

y, = Ae™ + Be™*
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Find 3y, - We can see that nonhomogeneous term | f(x) = 2sin 4x
So,

f(x)=2sinax ——> ¥, =Coosdx+Dsinax

Choose r = 0 (smallest) so that no term in y, which is
common with those of y,

Then, f(X)=2sin4x—y =X (Ccos4x+ Dsin4x)
forr=0
y, =Ccos4x+ Dsin4x
y, =-4Csin4x+4D cos 4x
y, =-16Ccos4x—-16Dsin 4x
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Substitute y, y,"and y " inthe given DE
y"-5y'+ 6y =2sin4x
—16C cos4x —16Dsin4x —5(—4Csin4x+ 4D cos4x) +6(C cos4x + Dsin4x) = 2sin 4x
—16C cos4x—16Dsin4x+20Csin4x —20D cos4x +6C cos4x +6Dsin4x = 2sin4x
(20C —10D)sin4x—(10C + 20D) cos4x = 2sin4x
Equate the coefficient:
sindx:20C-10D=2.....0)x2 —40C-20D=4....()
cos4x:-10C-20D=0...2)  —-10C-20D =0...(2)
50C=4 —>C-= 2z

25

1

25
Solution:y =y +y,

y = Ae** + Be* +2i5(20034x—sin 4x)
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CASE 4 : Linear combination (addition or subtraction) of case 1, case 2 and case3

f(x) Y,

f (X) = x* + Pe® (Cx® + Dx+ E) + (Fe*)

f (X) = Pe® £ Qsinkx (Ce™) + (D cos kx + E sinkx)
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Example

Find the solution of the differential equation
y'+4y =" -2

Solution :
Find y_.: Repeat what you have done for homogeneous d.e.

m’+4=0
m = -4
m==]2

y. = Acos2x + Bsin 2x
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Find Y, : We can see that nonhomogeneous term

SO’ -
* ¥ * X *‘[ *
ease conlinue,,...
Ordinary Differential Equations
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CASE 5 : Product of case 1, case 2 and case3

Yo

X" (CX" +Dx"" +...+ E)e™

X" (CX" + DX" ™ +...+ E) cos Bx
_|_

X" (FX" +Gx" ™" +...+ 1)sin Bx

x"e™ (C cos Bx + Dsin X)

x"e™(Cx" + DX" ™" +...+ E) cos Bx
_I_

X"e™(Fx" + Gx" ' +...+ 1)sin Bx

http://ocw.ump.edu.my/course/view.php?id=446
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Example

Find the solution of the differential equation

_ y'+4y'+3y=xe"
Solution :
Find y_.: Repeat what you have done for homogeneous d.e.

m’+4m+3=0
m=-3&m,=-1
y. = Ae™* + Be™

‘ Ordinary Differential Equations
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Find Yy, : We can see that nonhomogeneous term - Q%H@N&

So,

f(=re” ——> ¥, =X (Cx+De”

Choose r =1 (smallest) so that no term in y, which 1s

common with those of
Then’ -
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