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Chapter Description 

Expected Outcomes 

1.Determine the solution of homogenous second order ordinary differential equations 

   with constant coefficient. 

 

2.Solve non homogenous equations using the method of  

    undetermined. 
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        2.0 Introduction  

The general linear differential equation of order n has the form 

 

 

 

 

where                                            and              are functions in x. If 

 

                                    are all constants, the differential equation is said to 

have constant coefficients, otherwise it is said to have variable coefficients. 

 

For n = 2,equation (1) becomes linear differential equation of  second order. If                     

  equation (1) is called homogeneous differential equation. 

 

If                  equation (1) is called nonhomogeneous equation. 

  

  

1 2

1 2 1 01 2
( ) ( ) ( ) ... ( ) ( ) ( ) (1)

n n n

n n nn n n

d y d y d y dy
a x a x a x a x a x y f x

dx dx dx dx

 

  
     

0 1( ), ( ),..., ( )na x a x a x ( )f x

0 1( ), ( ),..., ( ) na x a x a x

( ) 0f x 

( ) 0f x 
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Example: 

2
2 2

2
( 1) 0

d y dy
x x x y

dx dx
   

It is a homogeneous linear differential equation with variable coefficients 

2

2
3 5 sinxd y dy

y e x
dx dx

  

It is a nonhomogeneous linear differential equation with constant coefficients 
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Functions                        are said to be linearly independent if the equation 

 

 

 

has only a trivial solution, for which                                .   Conversely, the 
functions are said to be linearly dependent if there is at least one of                               

                     is not equal to zero. 

1 2, ,..., ny y y

1 1 2 2 ... 0n nc y c y c y   

1 2 ... 0nc c c  

1 2, ,... nc c c
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Determine whether the following sets of functions are linearly dependent or 
linearly independent. 

 Examples : 

3 3

2

3 3

)cos 2cos

) 4 2

)

) 2 4 4 8 16

t t

a x and x

b x and x

c e and e

d x x and x x



    
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 Solutions : 

1 2

1 2

2

1

1 2

) cos 2 cos 0

cos 2 cos

2
cos cos

1, 2

a k x k x

k x k x

k
x x

k

k k

linearly dependent

 

 




  


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Verify that each functions of y is the general solution for the corresponding 
equation on the right hand side: 

 

 Examples : 

2 2) ; '' 4 0

) cos 4 sin 4 ; '' 16 0

x xa y Ae Be y y

b y A x B x y y

   

   
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2.1 Linear homogenous constant-coefficient 
equations 

Consider the second order linear homogeneous equation with constant 
coefficient below: 

2

2
0, 0

d y dy
a b cy a

dx dx
    .......(1)

Let                   is a solution of the given equation with  m   is any constant.  
mxy e

Then,                                                   . 
2

2

2

mx mxdy d y
me m e

dx dx
  and

Substitute the value of                                     into equation (1). Therefore,  

 

we have                                            . 

2

2
,
dy d y

y
dx dx

 and 

2( ) 0mxam bm c e    
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But since             is never zero and                        is a  

 

solution, this mean                                               . 

mxe   mxy e

2( ) 0.....(2)am bm c  

 Equation (2) know as characteristic or auxiliary  

 equation for the above DE.  
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0,0
2

2

 acx
dt

dx
b

dt

xd
a

0,02  acbmam

From the discussion, we should notice that from general form; 

we can find characteristic equation/auxiliary equation 

The characteristic equation can be 

obtained from d.e by replacing: 

 2
2

2

1

0

d y
m

dx

dy
m

dx

y m






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0,02  acbmam characteristic equation 

Now, the homogenous d.e has apparently been reduced to the purely algebraic 
problem of finding the roots of c.e. As you know, the quadratic equation has three 
types of roots, if the following conditions are satisfied. 

 
(i) Distinct real roots if  

 
(ii) Equal real roots if 

           
                            (iii) Complex/imaginary roots is 
 
Therefore, the general solution of homogenous d.e depends on the type of  
characteristic equation.  

2 4b ac

2 4b ac

2 4b ac
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Case (i): Distinct real roots 

                

                the c.e will have two different roots 

                

                the general solution :                                                                               

2 4b ac

1 2m m and 

1 2( )
m x m xy x Ae Be 

Case (ii): Equal real roots 

                

                the c.e will have two equal roots 

                

                the general solution :                                                                               

2 4b ac

( ) ( ) mxy x A Bx e 

Case (iii): Complex roots 

                

                the c.e will have two complex roots 

                

                the general solution :                                                                               

2 4b ac

( ) ( cos sin )xy x e A x B x   

1 2m m m 

1 2m i m i       and 
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Find the general solution of 
2

3 40 0
2

d y dy
y

dxdx
    

Solution:  

Characteristic equation is 

2 3 40 0

( 5)( 8) 0

5 8 and 

m m

m m

m m

  

  

  
 

                  The general solution is 

5 8( ) x xy x Ae Be    

                    with A and B is any constant. 

 Examples :  Case(i) Distinct real roots  
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Find the general solution of 
2

2
4 12 9 0

d y dy
y

dx dx
    

Solution:  

Characteristic equation is 

2

1 2

4 12 9 0

3 3 3
( )( ) 0

2 2 2

m m

m m m m

  

      
 

                               The general solution is 

        

3 3 3

2 2 2( ) ( )
x x x

y x Ae Bxe A Bx e
  

   
   

  

                               with A and B is any constant. 

 Examples :  Case(ii) Equal real roots  
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Find the general solution of 

2

2
2 4 3 0

d y dy
y

dx dx
  

 

Solution:  

Characteristic equation is 

22 4 3 0

1
1

2

1
1

2

m m

m i

 

  

  

  where  and 
 

                            The general solution is       

                             

1 1
( ) cos sin

2 2

xy x e A x B x  
  

   . 

 Examples :  Case(iii) Complex conjugate roots  
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Find the particular solution of the following equation 

satisfying the given conditions 

 

Solution : 

Characteristic equation: 

 

 

 

 

 

13,4,101342  cbamm

2 4 ( 4) 16 52

2 2

4 36
        

2

4 6
        2 3    where 2, 3

2

b b ac
m

a

i
i  

      
  

 



    

2)0('  ,1)0(       ,013'4"  yyyyy

 Examples :   
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          Therefore the general solution is 

 

 

 

 

 

          Substituting the condition                   into (i) we get 

 

 

          Substituting the condition                   into (ii) we get 

 
 

            Hence the particular solution is  

2

2

' 2 ( cos3 sin3 ) 

       ( 3 sin3 3 cos3 )      .......... (ii)

x

x

y e A x B x

e A x B x

  

 

1)0( y

1A

2)0(' y

3/4B









 xxey x 3cos3sin

3

42

(i) ..........      )3sin3cos(2 xBxAey x 
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                          Characteristic Equation :  

 

 

Case Roots of Characteristic Equation General Solutions 

1 
 
 
 

2 
 
 
 

3 

 
 

real and distinct  
 
 

equal real roots 
 
 

                                              
   complex roots 

 
 
 
 
 
 
 

0,02  acbmam

1 2m m and 
1 2( )

m x m xy x Ae Be 

1 2m m m  ( ) ( ) mxy x A Bx e 

1 2m i m i       and ( ) ( cos sin )xy x e A x B x   
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2.2 Linear non-homogenous constant-coefficient 
equations 

Theorem: 

 

2

2

 

2

2

If  is a complementary solution of 

        0

and is a particular integral solution of nonhomogeneous equation

       ( )

then the general solution of nonhomogeneou

c

p

y

d y dy
a b cy

dx dx

y

d y dy
a b cy f x

dx dx

  

  

 

s equation is given by

         ( ) .c py x y y 
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Procedure for finding the general solution for nonhomogenous d.e.   

For the general solution of 
  
 
 

)(
2

2

xfcy
dx

dy
b

dx

yd
a 

Find the general solution of,  yc of 

 
 
 

Find the general solution of,  yp of 

 
 
 

)(
2

2

xfcy
dx

dy
b

dx

yd
a 

c py y y 

0
2

2

 cy
dx

dy
b

dx

yd
a
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2.2.1 LINEAR NONHOMOGENEOUS CONSTANT-COEFFICIENT 

EQUATIONS: (METHOD OF UNDETERMINED COEFFICIENT) 

Now, we will study the method of undetermined coefficients in order to determine 

particular integrals        for linear nonhomogeneous equations 

 

 

                                                                                     -----(i) 

 

This method is applicable only when the nonhomogenous term f(x) on the r.h.s  of 

Equation(i) is one of this term; 

 py

)(
2

2

xfcy
dx

dy
b

dx

yd
a 

( ) is a polynomial of th degreef x n

( )  where  and  are constantsxf x Ce C 

( ) cos  or sin  where ,  and  are constantsf x P ax Q ax P Q a

CASE (1): 

CASE (2): 

CASE (3): 
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        Assumed trial solution,  

 
 
 

( )f x ( )py x

0 1 ... n

nA A x A x   0 1 ... n

nB B x B x  

xe xke

cos  or sinx x  cos sinp x q x 

 0 1 ... n x

nA A x A x e    0 1 ... n x

nB B x B x e  

 0 1

cos
...

sin

n

n

x
A A x A x

x






   


   0 1 0 1... cos ... sinn n

n nB B x B x x C C x C x x       

cos

sin

x
x

e
x

 







( cos sin )xe p x q x  

 0 1

cos
...

sin

n x

n

x
A A x A x e

x







   


   0 1 0 1... cos ... sinn x n x

n nB B x B x e x C C x C x e x        

Sums of any or some of the above entries Sums of the corresponding trial solutions 
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CASE 1 : f(x) is a polynomial of nth degree 

 xf py

  01

1

1 ... AxAxAxAxP n

n

n

nn  

 01

1

1 ... BxBxBxB n

n

n

n  


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Example  

 

Find the solution of the differential equation 

 

 

 

Solution : 

Find  yc :  Repeat what you have done for homogeneous d.e.   

122 2

2

2

 xy
dx

dy

dx

yd

2 2 1 0

( 1)( 1) 0

1

( ) x

c

m m

m m

m

y A Bx e

  

  

 

 
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Find  yp : We can see that nonhomogeneous term 
So,   
 
 
 
Then, 

 

 

 

 

 

                     

                     
Substitute this result into  

 

  12 2  xxf

  12 2  xxf

cbxaxyp  2

ay

baxy

cbxaxy

p

p

p

2''

2'

2







12'2'' 2  xyyy
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We get 
 

 

 

Equating the coefficients of 
 

 

 

 

 

 

So,  
 

                  Therefore 

 

  12224

12222 

22

22





xcbaxbaax

xcbxaxbaxa

11       122:

8         04      :   

2                 :

0

2







ccbax

bbax

ax

1182 2  xxy p

  2   2 8 11

c p

x

y y y

A Bx e x x

 

    
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CASE 2 :  

 xf py

kxPexf )(

kxPe
kxCe
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Example  

 

Find the solution of the differential equation 

 

 

 

Solution : 

Find  yc :  Repeat what you have done for homogeneous d.e.   

xey
dx

dy

dx

yd 5

2

2

44914 

2

7

14 49 0

( 7)( 7) 0

7 ( )

( )x

c

m m

m m

m repeated

y e A Bx

  

  

  

 
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Find  yp : We can see that nonhomogeneous term 

 

So,   

 

 

 

Then, 

 

 

 

 

 

 

  
 

  xexf 54

  xexf 54
x

p Cey 5

x

p

x

p

x

p

Cey

Cey

Cey

5

5

5

25"

5'






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CASE 3 :  

 xf py

kxPORkxPxf cossin)( 

kxPsin kxDkxC sincos 

kxDkxC sincos 

kxDkxC sincos 

kxPcos

kxQkxP sincos 

cos sinP kx Q mx ( cos sin )

( cos sin )

r

r

x C kx D kx

x E mx F mx



 
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Example  

 

Find the solution of the differential equation 

 

 

Solution : 

Find  yc :  Repeat what you have done for homogeneous d.e.   

xyyy 4sin26'5" 
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2

3 2

5 6 0

3 2 0

3, 2

x x
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m m
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m m
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 
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Find  yp : We can see that nonhomogeneous term 

So,   

 

 

Choose r = 0 (smallest) so that no term in yp  which is 

common with those of yc 

 

Then, 

 

 

 

 

 

 

  
 

  xxf 4sin2

  xxf 4sin2

xDxCy

xDxCy

xDxCy

rfor

xDxCxyxxf

p

p

p

r

p

4sin164cos16"

4cos44sin4'

4sin4cos

0

)4sin4cos(4sin2)(




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, ' "

" 5 ' 6 2sin 4

16 cos 4 16 sin 4 5( 4 sin 4 4 cos 4 ) 6( cos 4 sin 4 ) 2sin 4

16 cos 4 16 sin 4 20 sin 4 20 cos 4 6 cos 4 6 sin 4 2sin 4

(20 10 )sin 4 (10 20 )cos 4

p p pSubstitute y y and y in the given DE

y y y x

C x D x C x D x C x D x x

C x D x C x D x C x D x x

C D x C D x

  

       

      

  

 3 2

2sin 4

Equate the coefficient:

sin 4 : 20 10 2 ......(1) 2 40 20 4....(1)

cos 4 : 10 20 0...(2) 10 20 0...(2)

2
50 4

25

1

25

:

1
                2cos 4 sin 4

25

c p

x x

x

x C D C D

x C D C D

C C

D

Solution y y y

y Ae Be x x
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CASE 4 : Linear combination (addition or subtraction) of case 1, case 2 and case3  

: 
: 

: 
: 

 xf py

2( ) kxf x x Pe  )()( 2 kxFeEDxCx 

( ) sinkxf x Pe Q kx  )sincos()( kxEkxDCekx 
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Example 

 

Find the solution of the differential equation 

 

 

Solution : 

Find  yc :  Repeat what you have done for homogeneous d.e. 

" 4 2xy y e  
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Find  yp : We can see that nonhomogeneous term 

So,   
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1
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CASE 5 : Product  of case 1, case 2 and case3  
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Example 

 

Find the solution of the differential equation 

 

Solution : 

Find  yc :  Repeat what you have done for homogeneous d.e. 

" 4 ' 3 xy y y xe  
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1 2
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    4 3 0

3 & 1
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Find  yp : We can see that nonhomogeneous term 

So,   

 

 

Choose r = 1 (smallest) so that no term in yp  which is 

common with those of yc 

Then, 

 

 

 

 

 

 

  
 

  xf x xe
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 
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x
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