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Chapter Description

Chapter Outline
5.6 Rings
5.7 Commutative Rings
5.8 Field

Aims
— Define properties and give some examples of rings
and fields.
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Nk

A ring is a nonempty set R together with two binary operations + and -

(which we call as addition and multiplication) that satisfy the following conditions.
Va,b,ceR,

(i) Risabelian group under addition + (i.e. (R,+) is abelian).
(ii) Multiplication is associative (i.e. (a-b)-c=a-(b-c) ).
(i) Left distributive law, a-(b+c)=(a-b)+(a-c) &

right distributive law, (a+b)-c=(a-c)+(b-c) hold.
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Rings: Example 1

(Zg,+:7)

()  Z is an abelian group under addition +

(ii) Multiplication is associative (a-b)-c=a-(b-c), a,b,ceZ,
by properties of integers

(iii) Leftdistributive law, a-(b+c)=(a-b)+(a-c) &
right distributive law, (a+b)-c=(a-c)+(b-c) hold

Try:
If a=2,b=3,c=5 show that it satisfy Left and Right distributive law
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Rings: Example 2

(M, (2),+)

(i) M, (Z) is an abelian group under addition.

(ii) Multiplication is associative (a-b)-c=a-(b-c), ab,ceM,(Z)
by properties of matrices

(iii) Left distributive law, a-(b+c)=(a-b)+(a-c) &
right distributive law, (a+b)-c=(a-c)+(b-c) hold

Try:

2 3 3 3
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If a= b= ,C= 3 4 show that it satisfy Left and Right distributive law
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Commutative Rings

A ring in which the multiplication is commutative is a commutative ring.

Example

Let G be the group of isomorphism ¢:7Z  — Z, xZ, where gcd(r,s)=1 .
Clear that ¢(n-1)=n(1-1) is an additive group isomorphism.

To check the multiplicative, use the unity (1,1) in the ring Z, xZ and compute
¢(m,n)=(mn)-(11)
¢(n,m)=(nm)-(1,1)

m-(10)][n-(11)] = #(m)g(n) and
n-(1L)][m-(11)] = 4(n)(m).
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Commutative Rings: Example

1. (Zg,+,-) isacommutative ring.

7", is commute under multiplication.

2. <M2(Z),+,-> IS not a commutative ring.

Matrices is not necessary commute under multiplication of matrices.
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Field

A field is a commutative division ring.

Some terminologies:

1. Ring with unity
A ring with multiplicative identity.

2. Unit
Let R be a ring with unity 1. Anelementu in R isa unit of R if it has a
multiplicative inverse in R.

3. Division ring

If every nonzero element of R is a unit, the R is a division ring/skew field.
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Field: Example 1

In the ring M, (C), let

ot iy 9o Yot

The set H of real quaterions consists of all matrices of the form

a+ib c+dij

al+bi +cj +dk = _ _
—c+di a-—bhi

where a,b,c,d eR. It is easy to verify that H is closed under the usual addition of matrices.
Note that multiplication is not commutative in this ring; e.g., ij=k =—ji. It is possible to

show nevertheless that H is not only a ring with identity but a division ring.
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Field: Example 2

1. Show that (Z,+,-) is a field.
7", is commute under multiplication.

2. Show that (MZ(R),+,.> is not a field.
(M, (R),+,-) is adivision ring but not field since (M, (R),+,-)
IS not commutative.
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