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Chapter Description

Chapter Outline
5.3 Semigroups and Monoid
5.4 Subgroups
5.5 Cyclic Groups
Aims
— Define extra properties semigroup and monoid.
— Define extra properties for subgroups.
— Define extra properties for cyclic groups
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Semigroup & Monoid

Definition (Semigroup)
Let G be a nonempty set with a binary operation *. G is a semigroup

under operation * and in which the multiplication operation

IS associative.

Definition (Monoid)
A monoid is a semigroup that has identity element for the binary

operation.
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Semigroup & Monoid: Example

(1) R isasemigroup under the binary operation +, since + is associative.

(2) R isalso a semigroup under multiplication.

(3) R isnotasemigroup under subtraction.

(4) R" is a semigroup under +. More generally, any vector space V is a semigroup under

vector addition +.

(5) R® has another binary operation, the cross product x i.e. (R3,x) IS not a semigroup
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Subgroup

If a subset H of a group G is itself a group under the same operation as in G, we say H is a
subgroup of G.

We use the notation H <G to mean H is a subgroup of G. If we want to indicate that H is a

subgroup of G, but not equal to G itself, we write H <G.

Some terminologies:
proper subgroup — a subgroup H when H <G is called a proper subgroup.

trivial subgroup - the subgroup {e} Is called the trivial subgroup of G

nontrivial subgroup - a subgroup Hwhen H # {e} is called a nontrivial subgroup of G.
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Subgroup Test

Theorem (One-Step Subgroup Test)
Let G be a group and H a nonempty subset of G. Then, H is a subgroup of G if

H is closed under multiplication (i.e. ab™ e H whenever a,be H).

Theorem (Two-Step Subgroup Test)
Let G be a group and H a nonempty subset of G. Then, H is a subgroup of G if

1. ab e H whenever a,b e H (H is closed under multiplication).

2. a'eH whenever acH (each element in H has an inverse).
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Subgroup Test: Example 1

Let G be an Abelian group with the identity e. Then H = {x eG|x* = e} is a subgroup of G.

Proof
1. Since e =e,then ecH.Thus H = ¢.

2. Let a,b e H which give a® =b® =e. We must show that ab™ e H .
(ab‘l)2 =abab™
=(aa)(bb™)

()

This gives ab™ e H .

We can also define a subgroup H where elements in H are generated by any element of group G.
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Cyclic Subgroup

Let a€G. Then (a)= {a”
generated by a.

ne Z} = {e, a, a2,a3,.._} Is called a cyclic subgroup of G

1. Let G=U(8)={135,7}. All cyclic subgroups of G are listed as follows:

L= . @=BLy . ®=64 . 7)={71.

2. Let G=U(5)=1{12,3,4}. All cyclic subgroups of G are listed as follows:

L= . (2)={243L , @)=342y , (@4)={4]
(3)-

Note that U (5)=(2)
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Centre & Centralizer

Definition (Center of a Group)

The center Z (G) = {a S G|ax =Xa, VXe G} of a group G which is the set of elements in G

that commute with every element of G.

Definition (Centralizer of a in G)

Let a be a fixed element of a group G. The centralizer of ain G, C; (a) = {g cG|ga= ag}
which is the set of all elements in G that commute with a.

Note that Z(G) = NG (a).
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Centre & Centralizer: Example 1

Let G={la,b,c,d,e} and the multiplication table is given as follows:

e |1 |la|bjc|d]e
1| 1ja|bjc|d]e
ala|b|l]|e|c]|d
b|b|1|a|d|]e]|c
c|lc|d|le|l]a]|b
d|d|e|c|b|1l]a
elejlc|d|bla|l

Thus,
Ce(l):G' CG(a):{l'a'b}' CG(b):{l'a'b}' Ce(d):{l’d'e}’ CG(e)

{Lc,d,e},
and Z(G):aDGCG(a)z{l}.
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Cyclic Group

A group G is called cyclic if there is an element a in G such that G = {a”
Such an element a is called a generator of G.

xample:
IEet Gp=U (5)=1{12,3,4}. All cyclic subgroups of G are listed as follows:
O={ . @={24313 , @)={84214 , (49)={41
Since U (5)=(2)=(3), thus U (5) is a cyclic group.
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Cyclic Group: Example 1

Let G=U (8)={1,35,7}. All cyclic subgroups of G are listed as follows:

Q= . @=L . &H=6y . O={"y

Thus, U (8) IS not cyclic group since there is no generator.
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Cyclic Group: Example 2

Let G=%Z, = {0,1, 2,3,4, 5} . All cyclic subgroups of G are listed as follows:

0=y . B={L2345 , (2)={240; ., (3)={30]

{4,200 , (5)={54,32,0)

S
IaN
~——
Il

Since Z, =(1)=(5), thus U (5) is a cyclic group.

*Note that, for any G =7, the generator are any a <n and relatively prime
with n. i.e. gcd(a,n)=1
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