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Chapter Description

Chapter Outline

5.1 Groups 

5.2 Abelian Group

Aims

– Define properties of a group .

– Define extra properties for abelian group
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Binary Operation

Definition (Binary Operation) 

A binary operation on a non-empty set A is a map  :f A A A  such that 

 

(i) f is defined for every pair of elements in A 

(ii) f uniquely associates each pair of elements in A to some element of A                 

i.e.  : ,f a b a b c A    , ,a b A   
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Group: Definition

Definition (Group) 

Let G be a nonempty set with a binary operation  . G is a group if closed under operation   

and satisfies the following properties: 

(i) Associativity 

   a b c a b c      , , ,a b c G   

(ii) Identity  

There exist a unique identity e G  such that a e e a a    , a G   

(iii) Inverse 

a G   there exist a unique b G  such that a b b a e     (denote as 
1b a ) 
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Group: Example 1

1. The set of integers , the set of rational numbers  and the set of real numbers are 

all groups under ordinary addition.  

 Closed Operation: Addition – Closed 

 Associative  

   a b c a b c      , , ,a b c G   by properties of addition in ,  and . 

 Identity  

There exist a unique identity 0 G  such that 0 0a a a    , a G  . 

 Inverse 

a G   there exist a unique b G  such that     0a a a a        
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Group: Example 2

The set of positive rational numbers   under multiplication is a group.  

 Closed Operation: Multiplication – Closed 

 Associative ` 

        ab c a bc  , , ,a b c G   by properties of multiplication . 

 Identity  

     There exist a unique identity 1 G  such that 1 1a a a  , a G  . 

 Inverse 

     a G   there exist a unique 
1

b G
a

   such that 
1 1

1a a
a a
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Group: Example 3

The subset  1, 1, ,i i   of the complex numbers is a group under complex multiplication.  

 Closed Operation: Multiplication  

Closed (Multiplication Table) 

 

 Associative  

   ab c a bc  , , ,a b c G   

since commutative ab ba . 

 

 Identity:  There exist a unique identity 1 G  such that 1 1a a a  , a G  . 

 

 Inverse:   
11 1 11 1,( 1) 1, ,i i i i
          . 

 1 -1 i  

1 1 -1 i  

-1 -1 1  i 

i i  -1 1 

  i 1 -1 
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Commutative

Let G be a group with a binary operation  . Two elements g and h of a group G is said  

to be commutative if g h h g   . 

Example  

1. Let 103,4 . Then, 3 4 7 4 3     which means 3 and 4 are commutative. 

2.  
1 2 2 3

, 2,
2 2 3 3

GL
   

   
   

. Then 

1 2 2 3 8 9 8 10 2 3 1 2

2 2 3 3 10 12 9 12 3 3 2 2

           
             

           
 which means 

1 2 2 3
 and 

2 2 3 3

   
   
   

 are not commutative. 
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Abelian Group

Definition (Abelian Group) 

Let G be a group with a binary operation  .  

A group G is abelian if ,   ,a b b a a b G     . 

Example:  2,GL  is not abelian group since 
1 2 2 3 2 3 1 2

2 2 3 3 3 3 2 2

       
       

       
. 
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Abelian Group: Example 1

Consider  4 0,1,2,3 . The  Cayley table for 4  is given as follows: 

+ 0 1 2 3 

0 0 1 2 3 

1 1 2 3 0 

2 2 3 0 1 

3 3 0 1 2 

 

4  is abelian group since 4,   ,a b b a a b     . 
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Abelian Group: Example 2

  U n  All positive integers greater than or equal to 1, relatively prime to n and    

                            less than n   

 

                           5 1,2,3,4U                                 8 1,3,5,7U   

 1 2 3 4 

1 1 2 3 4 

2 2 4 1 3 

3 3 1 4 2 

4 4 3 2 1 

 

 5U  and  8U are abelian groups. 

 1 3 5 7 

1 1 3 5 7 

3 3 1 7 5 

5 5 7 1 3 

7 7 5 3 1 


