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Chapter Description

Chapter Outline

4.4 Mathematical Induction

4.5 Strong Induction and Well-Ordering

Aims

– Apply mathematical induction to prove a theorem

– Apply strong induction to prove a theorem as an 

alternative for mathematical induction
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Mathematical Induction: Introduction

Suppose that we have an infinite ladder,
and we want to know whether we can
reach every step on this ladder.

 We can reach the first rung of the
ladder. P(1) is true

 If we can reach a particular rung of the
ladder, then we can reach the next
rung.
P(k) is true P(k+1) is true
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Mathematical Induction: Steps
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Mathematical Induction: Example 1 (i)
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Mathematical Induction: Example 1 (ii)
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Mathematical Induction: Example 2 (i)
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Mathematical Induction: Example 2 (ii)
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Mathematical Induction: Example 3 (i)
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Mathematical Induction: Example 3 (ii)
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Strong Induction & Well ordering

Sometimes mathematical induction cannot
use easily, then another form of
mathematical induction, called strong
induction can be used.

To prove that P(n) is true for all positive integers n,
where P(n) is a propositional function, two steps
are needed:

 Show that the proposition P(1) is true.

 Show that the conditional statement

( P(1) ∧ P(2) ∧ · · · ∧ P(k) ) → P(k + 1) is true

for all positive integers k.
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Strong Induction: Steps

Here are the steps to prove that P(n) is true for all positive integers n,

where P(n) is a propositional function.

Step 1: Show that P(1) is true

Step 2: Assume that P(j) is true for all integers j with 1 ≤ j ≤ k

Step 3: Show that P(k+1) is true

Step 4: Conclusion
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Strong Induction: Example 1 (i)
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Strong Induction: Example 1 (ii)
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Strong Induction: Example 2 (i)

Consider a game in which two players take turns removing any
positive number of matches they want from one of two piles of
matches. The player who removes the last match wins the game.
Show that if the two piles contain the same number of matches
initially, the second player can always guarantee a win.

https://www.youtube.com/watch?v=Hof7P__P68I

https://www.youtube.com/watch?v=Hof7P__P68I
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Strong Induction: Example 2 (ii)

Proof:

Step 1: Show that P(1) is true
When n = 1, the first player has only one choice, removing one 
match from one of the piles, leaving a single pile with a single 
match, which the second player can remove to win the game.

Step 2:  Assume that P(j) is true for all integers j with 2 ≤ j ≤ k
Assume that the second player can always win whenever there
are j matches, where 1 ≤ j ≤ k in each of the two piles at the start
of the game.
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Strong Induction: Example 2 (ii)

Step 3: Show that P(k+1) is true
Need to show that P(k + 1) is true, that is, that the second player can win 
when there are initially k + 1 matches in each pile.

Suppose that there are k + 1 matches in each of the two piles at the start of
the game and suppose that the first player removes r matches (1 ≤ r ≤ k) from
one of the piles, leaving k + 1 − r matches in this pile. By removing the same
number of matches from the other pile, the second player creates the
situation where there are two piles each with k + 1 − r matches. Because 1 ≤ k
+ 1 − r ≤ k, we can now use the inductive hypothesis to conclude that the
second player can always win.

Step 4: Conclusion
If the first player removes all k + 1 matches from one of the piles, the second 
player can win by removing all the remaining matches is true
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Well Ordering

The validity of both the principle of mathematical induction and strong
induction follows from a fundamental axiom of the set of integers, the well-
ordering property.

Definition: Well-ordering property.

The well-ordering property states that every nonempty set of 
nonnegative integers has a least element.
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Axioms for the set of positive integers


