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Chapter Description

Chapter Outline
4.1 Direct Proof
4.2 Indirect Proof
4.3 Contradiction Method
Aims
— Apply direct method to prove a theorem
— Apply indirect method to prove a theorem
— Apply contradiction method to prove a theorem
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ENE TS

TERM DESCRIPTION

Theorem A theorem is a statement that can be shown to be true. Theorems
can also be referred as facts or results.

Proof A proof is a valid argument that established the truth of a
theorem. A proof can include axioms (or postulate), which are
statements we assume to be true.

Proposition | Less important theorems sometimes are called propositions.

Lemma A lemma is a less important theorem that is helpful in the proof of
other result.

Corollary A corollary is a theorem that can be established directly from a
theorem that has been proved.

Conjecture | A conjecture is a statement that is being proposed to be a true
statement.
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ODD and EVEN

7 is odd since there exist 3
such that 7=2(3)+1

s ODDIF

dkeZion=2k+1 A STEAENNTE
dkeZon=2k

100 is even since there exist
50 such that 100=2(50)
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Methods of Proof

To prove the theorem given in implication (if p then g, p — ¢q ),
we have three methods of proof:

‘ 1 2 ‘ 3
e Direct ¢ |ndirect ¢ Contradiction

Method Method Method

¢ Contrapositive
Method
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Method 1: Direct Method

O Assume the results (theorem etc.) are given in implication
proposition logic (if pthenq, p—q )

d Direct method needs us to assume p is true and shows that q Is
true.

Example:

Prove that if x is even, then x“is even.
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Direct Method: Example 1

Prove that if x is even, then x* is even.
Proof:
> Let
p: X even g:x° even
> Assume that x is even is true. Need to prove that x* is even.

> Since x iseven, X=2k, keZ

Then
x> =(2k)* =4k* =2(2k*)=2m (m=2k € Z)

> Therefore x* is even. m
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Direct Method: Example 2

Prove that if x and y are odd, then x+y Is even.

Proof:

F Let p:x,yodd and Q:Xx+Yyeven.
F Assume that x and y are odd is true. Need to prove that x+Yy is even.
I Since x and y are odd, then

X=2k+1,y=2l+1 where k,l €Z .
I Thus, X+y=(2k+1)+(21+1)=2(k+1+1)=2m

where m=k+1l+1e7.

C I Therefore X+VY iseven. m
‘ cC
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Direct Method: Example 3 (i)

Prove that if a and b are both perfect squares integer,

then ab is also a perfect square integer.
Proof:

O Let p: aandb are both perfect squares integer

qg: abis also a perfect square integer.
O Assume that a and b are both perfect squares integer is true.
1 Need to prove that ab is also a perfect square integer.

@ Since a is perfect squares integer, then 3Jx 5 a = x* where X e Z.

[ Since b is perfect squares integer, then dy>b = y2 where XeZ..
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Direct Method: Example 3 (ii)

Proof:
# Let p: aandbare both perfect squares integer
qg: abis also a perfect square integer.

# Assume that a and b are both perfect squares integer is true..
# Need to prove that ab is also a perfect square integer.

# Since ais perfect squares integer, then IX>a = X* where X e 7.

# Since b is perfect squares integer, then dy>b = y2 where Xe/Z .

# Then ab:xzyzz(xy)zzz2 where Z =Xy e Z

# Therefore ab is also a perfect square integer. =
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Method 2: Indirect Method

It is also known as contrapositive method.
Contrapositive of implication p—>q is ~q — ~p.
By true table we can show that P —>J=~q —>~p.

Thus, If 1t 1s difficult to prove P—>Q by using direct
method, we can rewrite and proof by contrapositive
~ (0 — ~p since both are equivalent proposition.

By using indirect method, we need to
(1) assume ~q Is true,

(1) shows that ~ P Is true.
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Indirect Method: Example 1

Prove that if x*is odd, then x is odd

Proof:

P Let p:x° odd and q:X odd.
I By contrapositive method,
~0:X Iseven and ~p:x* IS even.
E Assume that x is even is true. Need to prove that x* is even.

I The proof follows Example 3 m
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Indirect Method: Example 2 (i)

Give an indirect proof of the theorem
“If 5n+2 is odd, then nis odd” where n is an integer.

Proof:

| et

p:3n+2 is odd and q:n odd.
® By contrapositive method,

~Q:n jseven and ~ Pp:on+2 jseven.

B Assume that n is even is true. Need to prove that 5n+2 is even.
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Indirect Method: Example 2 (ii)

Proof (cont.):

Wlet N=2K, keZ,
= Then

5n+2=5(2k)+2
=10k +2
=205k +1)
=2l where |=5k+1eZ

= Therefore, 5N+ 2 is even.
® Equivalently shows that if 5N+ 2 is odd, then n is odd. m
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Method 3: Contradiction Method

@ Prove p = qis true.

@ Assume p and ~g are true (p—=2>"~q s true) and
show that g must also be true.

Example:

If n®=1(mod 2), then n is an odd integer
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Contradiction Method: Example 1 (i)

Give a proof by contradiction of the theorem
“If 5n+2 is odd, then nis odd”.

Proof:
wlet p: 5n+2 isodd and ¢: » is odd
¥ Assume P —~¢ is true, which mean iheu n 1S even.
wlet n=2k.k€Z Then 5n+2=52k)+2 N ~_  ,._23
_ 3
=10k+2 , 9 |

=2(5k+1) / Ceontradiction

2] ‘where 7=5k+1€eZ
en —H—)-cnuﬁadictinn
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Contradiction Method: Example 1 (ii)

Proof:

¥ Assume P —— ¢ is true. which mean ihen 1 1S even.
=2(5k+1) / *contradiction

wlet p: 5n+2 is odd and ¢g: »n is odd
$let n=2k.keZ Then 5Sn+2=52k)+2 T~ .=
— 10k ﬂ /ﬂ\“
— +2- e | |

hW';5k+IEZ

|—<—)-contradiction

¥ Which is contradiction with our assumption that 57+ 2 is odd.

» Thus. if 57+ 2 is odd. then » is odd is truec. m
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Contradiction Method: Example 2 (i)

Give a proof by contradiction of the theorem
“If n’ = 1(mod 2), then » is an odd integer”.
Proof:

wlet p: m° =1(mod 2) and ¢: » is odd integer

# Assume 2 —>~ ¢ is true, which mean if[i'l1 =1(mod 2) g Ddd]ﬂ]&ﬂ
1 1S even integer. \

Wlet n=2k.k €Z Then n* =(2k) ﬁf h":\
€L 11— 2K, : €l n~ = ~
=2(2k%) / @

| =0(mod 2)]  (—><)-contradiction
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Contradiction Method: Example 2 (i)

Proof:
W et p: n° =1(mod 2) and g: n is odd integer
® Assume P —>— ¢ is true. which mean i-hen
1 1s even integer. \

Wlet n=2k.k€Z . Then n* =(2k)’
=2(2%%)
_ (—<—)-contradiction

% Which is contradiction with our assumption that n* =1 (mnd 2) .

% Thus. if 7" =1(mod 2) _then # is an odd integer is true. m
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