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Expected Outcome:

Upon the completion of this course, students will have the
ability to:

1. Apply the knowledge to solve the identified matrix algebra
problems such as manipulate matrix algebra and

determinants, apply row operations and elementary
matrices.
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Matrix Notation & Terminology

Definition (m x n Matrix)

a rectangular array of numbers enclosed within brackets that
consisting of m horizontal row and n vertical columns,

Ay &y e dy,

dy,; dy, ... 4y,
A= [a'l ]mxn -

aml a'm2 a

where ij denotes the entry in the ith row and jth column.

A matrix usually denoted by bold capital letters. EMg AB,C
@@@@ e
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Type of Matrices

#» Powmatnx

A matrix consisting of a single row.

Example:
[3 -7 10)

¥ Column matnx

A matrix consisting of a single column.

Example:
1
9
0
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A matrix with the same number of rows and columns, (m = n).

Example:
(4, 1
L—6 2

» Null (zero)mamzx, O

A matrix where all the elements are zero.

Example:
[0 0 0)
» Identity matnx, I

A square matrix where the elements in the main diagonal are all 1’s and the others are all
Zeros.

Example:

‘1

0 0
010
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A square matrix where all its elements zeros, except for those in the main diagonal.

Note: Main diagonal is the entries that lie on the diagonal extending from upper left corner to
the lower right corner.

Example:
i 00
0 -1 0
0 0 12

¥ Symmetric matmx

A square matrix where the elements are syvmmetrical about the main diagonal.

A=A

Example:
4 -1 9
-1 0 15
9 15 7
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» Upper triangular matrix

A square matrix where all the elements below the main diagonal are zeros.

Example:
-3 9 =2
0 1 1
0 0 8

» Lower tmangular matrix

A square matrix where all the elements above the main diagonal are zeros.

Example:
-3 0
4
—f | 5 &
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Transpose of a Matrix

The transpose of m x n matrix A, denoted by A,
IS the n X m matrix whose ith row is the ith column of A.
-> Interchange Its rows with its column.

-3 3 6 -3 4 7
A= 4 1 0 . A'=3 1 5
-7 5 8 6 0 8

Properties of ranspose matrix:

> (A7) =a

> (A+B) =AT+B]
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Example:

Solution:

AT=2 5
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Exercises:

(a) If S=| -3 | find ST

f4 0o 10
(by)IfB= 1 5 2|find BT
-1 2 7

(¢) If C=(3 5)find u::fT
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Equality of Matrices V&

Matrices A = [a Jand B = [b J are equal if and only If
they have the same size and a.. = b for each i and j

(corresponding entries are equa ).

1 3) 1 3) .
= Matrices P and Q) are equal

P: i =
0 6/ 2 0 6

1 2
123 12
P= s 6 | . I‘.}:I 3 4I = Matrices P and Q are not equal (different order)
" - / |"5 ﬁ)
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Example:

+1) (2 7
It‘[;,c + ' ],ﬁndthevalueofx,yandz.

2z 2 ) \4 2

r

Solution:

Comparing element a, ;
x=2

Comparing element a,, ;

yv+1=7
y=7-1
y=6

Comparing element a,,;

Mathematics for Management
by Nor Alisa Mohd Damanhuri



http://ocw.ump.edu.my/course/view.php?id=440

Universiti
Malaysia
PAHANG

Exercises:

i ™
3 p i -2
(a) If g—4 0 |=17 0 | findthevalueof p.g and »
w0 = 10 15
b 5.-"

1/2 p+ 1/2 2
/2 » q)=[i ;),ﬁndthevalutnf;:r:q and .

(b} If(

r r+p
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Matrix Operations

1. Matrix Addition and Subtraction

IfA= [a | and B = [b | are both m x n matrices, then
the AXB is the m x n matrix obtained by adding or
subtracting corresponding entries of A and B, that is

A+B=|a, £h,

Mathematics for Manageme t
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Matrix Properties

If A, B, C and O have the same size,
(a ArtB=B+A (commutative)
(b) A+(B+C)=(A+B)+C (associative)

(c) AxtO=0+A=A (identity)
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Example:

Compute the following

) 1 2171 0
41+10 -1
5 6| [1 4
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Solution:

Y 2% {1 8 1+1 2+0 (2 '3
(a) 3 4|+/0 -1|=|3+0 4+(C-D|=|3 3
\5 6) \1 4) |5+1 6+4 6 10

1 0) (2
(b) [ ) —l ] cannot solve because both matrices have different order.
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Exercise:

_ , 4 2 6 2 5 390 _
Given the matrices P = , Q= and R= . Find the following

3 -7 3 4 4 -1 8
matrices, if exist.
a) P+R
(b) R+Q
(¢ R-P
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2 Scalar Multiplication

If A'isan m x n matrix and is a real number (also called a
scalar), then by kA, we denote the m x n matrix obtained
by multiplying each entry in A by k, that is

a b
M=[ }
c d

a b fa kb
then, KA =k =
e

where k15 areal number
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) &ni?/ers‘iti
Properties

If matrices A, B and O havethe same order for any scalar £, 4, and &,

> k(AtB)=KA1iB
> (ktk)A=kAtLA
¥ klA)=(kk)A

» 0A=0

# =0

> (A =iAT
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kJAni}/ers.iti
Example: PAHANG
[ ] R

- 3
Solve the equation 3[:(1)—[ }=-’I[ ]
X, 2 1

Solution:

G4

\x) \2) U

g/3x1)_/—lJ_(4x3]

3x,) (2 )7 Lax 3x, —(~1) =12 3x,—2=4

3x =12-1 3x, =4+2
(3x) (-1) (12 L1 -2
3x,) | 2) | 4 3 az
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Exercise:

3 2 9 -1 ,
Given the matrices A= 0 § ,B=I5 -5 :al.ud'f,':;9
6 -2 \3 4 A

) ] . Find the following matrices, if

A"
exist.
(a) 3A+B
(b) 2B-A
(c) 4C+A
(d) -A+3B
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3 Matrix Multiplication

Let A be an m x n matrix and B be an n x p matrix. Then
the product AB is the m x p matrix C whose entry in row

| and column j is obtained as follows: Sum the products
formed by multiplying, in order, each entry (that is, first, second,
etc.) in row I of A by the “corresponding” entry (that is, first,
second, etc.) in column j of B.

A > B C
m X n nxp mXxp
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Properties
A(BC) = (AB)C  (associative)

A(B +C)=AB + AC or (A+B)C = AC + BC (distributive)
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Example:

Compute the matrix product.
(1\(4 5 6
@ 120lo =3 1
\ \

L 3
®) v -5{3 4}
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Solution:

M€ HN N

1 4 5 6
(a) [ ] [ J cannot solve because didnotsatisfy A.B =P
24 23

(1 3 5 COO+BG)3) DHQR+B)@)
OD+(-3)3) O+
s @D+@3) @@+ ).,

C
—
v O
xS
0
.
LS I
4=
R
"o
"
I

149 2+12
0-15 0-20
2+6 4+8
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Exercise:

. . 1’4] (2 1) (3 -2 1] . o
Giventhe matrices A=, _|.B= and C =| . Find the following matrces, if
\3 \3 7 2 4 -6

exist.

(a) AB

(b) BA

(c) CA

(d) BC

(e) CB
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Reduced Matrix

A matrix Is said to be a reduced matrix, provided
that all of the following are true:

« |f a row does not contain entirely of zeros,
then the first nonzero entry in the row, called the
leading entry, is 1, whereas all other entries in the
column in which the 1 appears are zeros.

* The first nonzero entry in each row is to the right of
the first nonzero entry in each row above it.

« Any rows that consist entirely of zeros are at the
bottom of the matrix
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Example:

For each of the following matrices, determine whether it is
reduced or not reduced.

1) [1 0 2) [1 0 0] 3[0 0 ol H|1 O
{o 2} {010} {ooo} 01
_O O_
5 [1 0 0] 6)[o 1 0 2 N0 1
0 00 0 0 1 3 L o}
0 0 1 0000
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(b)

(c)

(d)

Solution:

OJ
no
2

0 0)
e

f

0 0) (f)
yes

0 0

0

1 yes (g)

0

Universiti
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no

no

0 1
no
1 0

S

Olel®
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For each of the following matrices, determine whetherit is a reduced matrix or not.

10
@ |0

o
—

© |

Mathematics for Management

@ @ @ by Nor Alisa Mohd Damanhuri

VAL W hitp://ocw.ump.edu.my/course/view.php
Communitising Technaiogy

S

?2id=440



http://ocw.ump.edu.my/course/view.php?id=440

~l Universiti
Malaysia
PAHANG

Elementary Row Operation

An augmented coefficient matrix is transformed into a row-equivalent
matrix if any of the following row operation is performed.

1) two rows are interchanged: -
ii) arow is multiplied by a non zero constant: -

1i1) a constant multiple of one row is added to another row

® @ @ Mathematics for Management
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Types of Solutions

1) If the reduced augmented coefficient matrix has a row of

where Kk is a nonzero constant, then the linear system
AX = B has no solution and inconsistent.

1 0 37
0 -1 24
<100 _02)>
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2)

3)

Universiti
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If the reduced men oefficient matrix has a Iasgowiﬁﬁﬁ

of the form
then the linear system = B has infinite number of
solutions.
1 0 0|7
10 -1 Al
0 0 oo

the form
then the linear system

1 0 03)
0 1 04|
LD 0 1|8
o Mathematics for Management
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Solving System by

Reduced Matrix

The objectiveis to showhowto reduce a matnx and use maftrix reduction to solve a linear system.

Let consider the system of linear equations:
Ix+35y =25

x—-2y=1

We can capture all the information contained in the system in the single augmented matix as
3 5|25
1 =21

Mathematics for Management
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need a 1 here 3 5|25

= R, <R,

1 -2(1

1 -2(1 AP 4R
need a 0 here i'} 5124 3K +R, DK

121y 1,
0 (11}22 TR

1 2|1
0 1)2

need a 1 here
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Example:

By using matrix reduction, solve the system of linear equations.

2x+3y=-1
2x+y=5
x+y=1
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]fz 3|1
2 15
1 1)1
STEP2 : Matixreduction using elementaryrow operations
Ifz 3|-1)
12 1|5 | ROR
\1 11
(1 11)
{2 115 | —-R;+R, R,
(2 3-1
(1 1|1
iO -2/6 | —2R,+R;—> R,
2 3]-
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D _2 5 _%_}Rﬂ ((( < oy - Creaty

o 1|-3

b

1 1|1

o 1|3 —R,+R;, = R,

o 1|3

b

1 11

0 1{—3

Q0 0Ofo0

STEP3 : TUse back substutution to obtain all the answers

y=-3

x+y=1
x=4

?2id=440
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STEP 3

STEP 4
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Use back substitution to obtain all the answers

y=-73
x+y=1
x—3=1

x=4

Summarizing up the solution to the system is,

x=4 ., y=-3
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Exercise:

Solve the system of linear equations using matrix reduction.
x+2y+4z—-6=0
2z+y-3=0
x+y+2z-1=0
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Non-homogeneous and Vi
Homogeneous System

Definition:
Thesystem  a,x, +a,X, +...+a,X, =C,
a, X, + 8%, +...+8, X =C,

2n’*n

is called a homogeneous system if ¢, =C, =...=C,, =0 .
The system is a non-homogeneous system if at least one of
the c is not equal to zero.
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THEQOREM : Number of Solutions of a Homogeneous Svstem

Let A be the reduced coefficient matrix of a homogeneous system of m linear
equations in # unknowns. If A has exactly f nonzero rows, then Kk <n

Morever
1} If £ <n, the system has infinitely many solutions.
2) If £=n, the svstem has a unique solution (the rivial solution).

** In a homogeneous svstem, if the number of equations is less than the

number of wvariables in the svstem, the svstem will alwavs have infinitelv

manv solutions.
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Exercise:

Given that
x—2v+z=0
2x—v+3z=0
xty+4z=0

Determine whether the above homogeneous system have a unique solution or infinitely many
solutions. Then, solve the system.
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Determinant

2Xx2 Matrix

dyp dp

Given A= _ the determinant of A 1s:

tdy  dy;

4 A—|A|—a11 | _
el A= A= =y — Ay,

dy dp
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Example: Find the determinant for the following matrices.

(4 2
A=
@ A=, 3)

Solution: (a) |_=x|=‘: j=4(3)-5(2)

3 6
®  [Pl=[, _,|=3cD-56

=-24

S
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Exercise:

Find the determinant for the following matrices.

(-4 1
er
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a ia .

a 12 3

11
There are two methods to find determinant 313 matrices. Given A=|a, a,, a, |. the
% dp 93

determinant of A 1s:

(1} Method 1

4y &4, gy
dy dypy 43| = (‘-'711‘7:1_1“'33 T ayyQy3ay, + ‘713‘-"':11‘-"'31} - (‘-'713‘-"'11‘-"31 Tayaydy, ""3"11‘-"'11‘-'5’33JI

d3; O3y Oy

a

(2} Method 2
4y gy dp
Ay dy Ay dys tdy dp
dy dyp dyp|=dg —dp +a;
tdy  dxn Ay di; ty Ay
A3 5y dig

=dap (‘-"11”33 ! :I'_ ap, |[‘-';'11 33 T A3y )"‘ S (‘-":u‘-"sz — a4y }
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2 3 -1
Find the determinantof |4 O 5
3 -2 1

Method 2:

2 3 A 0o 5 |4 5 4 0

4 0 5 =2‘ ‘-3‘ +(-1)| ‘
2 1 B 1 3 -2

3 —2 1

=2(0+10)—3(4—15)—(—8—0)
=20+33+8
=61
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Exercise:

Find the determinantof |l 9 3
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Inverse

* Objective: To determine the inverse of an invertible
matrix and to use inverses to solve system.

 Definition: If A'Is a square matrix and there exists a
matrix C such that CA=l, then C is called an inverse of
A, and A is said to be invertible.

The matrix A is invertible if there exists a matrix A~ such that

ATA=AAT =T

L=
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2.6.1) Inverse by Adjoint Method

If A Is a square matrix, the transpose matrix of matrix cofactor

A is known as adjoint of matrix A and is denoted by Adj(A)=CT,
where C is the cofactor of matrix A. If |A|= 0 (non singular),

then the inverse matrix
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In the case of a 2x2 matrix, a simple formula exists to find
Its adjoint matrix

Example:

-9 0
Find the adjoint mamx of [ 1 3].

Solution:

)
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31
4 2

Al 1 [2 —l]
GX2)—(Hp 4+ 3
12 -1
214 3

21
|2 2
_4 3
2 2
;1
_ 2
3
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Q; Gy, Gy
 Consider the matrix A of order3x3, A=|a,, a,, a,;

3x3 Matrix

_a'31 a’32 a33_

Suppose that we choose any entry, say @,;, and strike out the row
and column that pass through @, then we will obtain
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i+j '
The value of C; =(=1) ™ M 1s called the cofactor

of the entry as summanze in the diagram below.

T
Ch Gy G

adfA=C" = Cy Gy G
G Gy G
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&

11 @

Given A= a, ay

Gy dy
(a) My,
®) M
(c) My,
d G
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a a..
n 95
(a) A= g, ay ag; - M, =
Qs g
pu |
{;31 a31 aﬂﬂ
fﬂll J"Tu i A
=)
a., a
71 Yn
(b) A= a, ay aj 2> M=
dy dp
W iy dys )
& %
a, d, a;
ap a5
(c) A=——ar g6 - M,=
{131 fr .
WHr dan dany
& ™
a, 4 a;
d A 5> Co=-M.=-|T %
(d) = dy gy 33— My =~
| i dyp g
T T8I
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1 -2 0
Given A= 3 1 5|.find ad; A  Hence, findits inverse, AL
-1 2 3
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1 s 3 5 3 1Y
+ —
2 3 -1 3 -1 2
20 1 0 1 =2
adf A=|— + -
2 3 13 |12
20 ‘1 D‘ 1 =2
- - -
|1 s 305 31,
-7 4 7Y

Il

=
Ll
=
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+0

3

3
!
e in
’T‘
=

I

I
1
_|_
b2
oo

-7 6 -—10
A-l_i —-14 3 -5
21

7 0 7

1 6 _10)

3 21 21

_1_2 3 _3

3 21 21

1 1

_ 0 —

L3 3
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5 2 -
1. Given A= 7 1 0 | find

3 -1 2

(a) M,

® M,

(c) M;;

dy Gy
1 -2 0

2.Given A= 3 1 5|, find adf A Hence, find its inverse, Al
-1 2 3
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Inverse Matrix by Elementary Row Operation

If [A|I] can be transformed by elementary row operation to MA'lj ,
then the resulting matrix M is

If a matrix A does not reduce to I, then A does not exist.
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Example:

Example 2.6.0.1:

Find the mverse of P =

134
431

2123,
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using elementary Tow operations.
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Solution:

3 3 41 0 0
4 3 200 1 0 %Rl—)-ﬂl
2 2 30 0 1

-~ ™,
1 1 nd o 0
3|3
4 3 200 1 0| —2R,+R, >R,
2 2 30 0 1
h Iy
I ™,
1 1 212 o 0
3|3
0 -1 —4lo0 1 —2| —2R +R.—>R,
2 2 30 O 1
h Iy
I )
1 1 i o 0
3| 3
0 -1 4|0 1 —2| R,+R —R
)] 0 1 — E 0 1 Mathematics for Management
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]. —E ((( < kesioo - Coanay

i
1 o 5|1
3 3
0 -1 —4|0 1 -2 —R —R,
o 0 1.2 0o 1
b 3 3 -
i ™\
1 0O —E l 1 -2
3 3
o1 4|0 -1 2 8R, +R — R,
o 0O i —4—1 0 1
. 3l 3 J
" ™)

—12R, + R, - R,

=

=
Wl & o

=

I

'—I.

[

IR, = R,

=
=
Wl o o
[
I
'—I.
I
H
=
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1 0 0O9-> 1 6
o1 o8 -1 -10
o o 11-2 0 3

Mathematics for Management

@ @ @ by Nor Alisa Mohd Damanhuri

BY NC SA [ . .edu. iew. 2id=440
Communitising Technéicgy

S



http://ocw.ump.edu.my/course/view.php?id=440

Universiti
Malaysia
PAHANG

Exercise:

(3 1
Find the inverse of A=i 4 2 using elementary row operations.
\
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Inverse Matrix

Solve the system
X, — 2X, =
AX, —2X, + X, =
X, +2X, =10x, =-1

by finding the inverse of the coefficient matrix.
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1
4
1
adi A=| — —+ —
2 —10 1 —10 1 2
0o -2 ‘1 —2‘ ‘1 0
+ — +
. 21 4 1 4 —2|]
18 41 107
= —4 -8 -2
4 9 _2

18 4 —4
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Al= —0+(—2
=18—-20
=—2
18 —4 —4
A‘1=—% 41 -8 -9
10 -2 -2
- 2 2
_ A, 2
2 2
—5 1 1
x -9 2 2y 1 -7
x|= -2 4 3| 2 |=-17
-5 1 1
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1 0 =21 0o 0
4 -2 110 1 0| —4R +R, >R,
1 2 -—10/0 0 1
1 0 =2]1 0 0
0 -2 9|4 1 0| —R+R >R,
1 2 -—10lo o 1
1 0 =21 0o o
0 -2 9|—-4 1 0 —%RQ—}RI
0 2 -—-8-1 0 1
-~
@ O Q]0 ) vt
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0 — 2R, +Ry, — R,

|
gomkﬂb-!.i

ZR.+R, >R,

0

0

1 0 —2|1 o 0
] 1

0o 1 —=|2 —= 0 2R.+ R — R
2 2

0

{:}
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Exercise:

Solve the system of linear equation by finding the inverse of the coefficient matrix.

x+2y+z=12
3y-4z=4
2x+y+z=10
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