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Relative Motion using Rotating Axes

« Aims
— To revise on the relative motion with translating axis.
— To introduce the relative motion using rotating axes.

« Expected Outcomes

— Students are able to distinguish between the case of translating
and rotating axes.

— Students are able to determine velocity and acceleration in the
case of relative motion using rotating axes.

» References

— Engineering Mechanics: Dynamics 12t Edition, RC Hibbeler,
Prentice Hall
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Recall: Relative motion with translating frame

y

Translating reference frame

7, and 7z are
absolute positions.
7p/4 are the relative
position of B relative
to A.

- = -
Tp/ja =Tp — 1y

Fixed reference frame
o106
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Recall: Relative motion with | Joe

PARANG

translating frame

y
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Translating reference frame

X
Fixed reference frame
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Recall: Relative motion with Ui
translating frame PAHANG

Translating reference frame
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- O Fixed reference frame
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Relative Motion — Rotating Axes Vs

Relative position:
Y 77B/A =Tg— 1y
Relative velocity:
ﬁB/A = Ug — Uy
Y Relative acceleration:

Ap/a = Ap — Ay

Remember: For translating axes, the
unit vector i, j, k do not change with
time. ) ) )
re/a = Ti+yj+ 2k
drg/a dr. dy~ dz:

_— _dz. dy-  dz;
VBIA= T Tt T T

Ve O Fixed reference frame _ _
Only x, y and z are functions of time.

i, 7, k are not functions of time.
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Relative Motion — Rotating Axes Vi

Rotating reference frame (maybe translating too)
y
¥~ N\
0, O (both with k component) are the angular velocity

and angular acceleration of the rotating axes with
respect to the fixed axes

TBja =TB — T4

dTg/a
dt

2 -
= Vp — Vy

O Fixed reference frame
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Relative Motion — Rotating Axes i
TB/A=TB—TA
dFB/A
dt

—

= Ug — U4

TB/A = 1 -+ yﬁ

{ and j are now variables.
To integrate 7,4, chain rule need to be used.

d(uv) = du v+ u dv

dig/a  dz, i dy. dj
dt dthdt + dthrydt
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Relative Motion — Rotayting Axes Vit
¥ N\

TB/A=TB—TA
d'rB/A {U 17
= Up — Ua

dt

TB/A = 1 -+ yﬁ

dig/a  dx, i dy.  dj
dt dtz—i_xdt + dtj+ydt

rearrange.

dig/a  dr. dy. di  dj
dt —‘dtH_ dt” ’Jrfcdt Ty
|

dt
;

Velocity of Point B as
observed at Point A in xy
frame (Vg ,4)yy
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di
> X
)

From s = 70 , assuming ¢ and 7 = 1

di = (1-df)j

di db. do
azaj wherea—ﬂ
di o .

-2 =0 ;

a0
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Relative Motion — Rotating Axes Vi
Y dipa

=Ug — U
7 B — Ua

dig/a  dz, dy. di  dj
i dt'a’ " a Va

\ J
|

(0 x i) + y(Q x j)
X ﬁx(m%+y3):ﬁXFB/A

From s = 0 , assuming 7 and 7 = 1

Up = U4+ Q X TB/A + (UB/A)ay

di = (1-df)j

di  db. do

a:aj wherea—ﬂ

di = - di df . = -
== (xi = i) =0 Xj

Cdt dt ~ dt*
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Up = U4+ Q X TB/A + (UB/A)ay

Differentiate to get the equation for acceleration

= o Q x
ap = aa+ 7t X TB/A + gt + gt

dr’ R
;M = O X TB/a + (U/a)zy

d'l_)’ A — = =
;/ = Q X (UB/a)zy + (0B/A) 2y

C_L’B = C_I:A —|—Q X FB/A + ﬁ X (g_j X FB/A + (??B/A)l‘?;) —|—ﬁ X (EB/A)$y + (&'B/A)xy

C_L’B = EfA + Q X FB/A -+ ﬁ X (Q X FB/A) + 2@ X (T_)'B/A)a:y + (EB/A)xy

dp = da+ QX Fpa— Q754+ 20 X (T/4)ay + (@B/4) 2y
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Example Calculation

The horizontal surface rotates with the angular velocity and
y acceleration as shown. If a toy duck moves along the straight
path on the surface with the relative velocity and acceleration as
Yy shown, determine its absolute velocity and absolute
a =0.1rad/s’ acceleration.

& 0.4 rad/s

a., =0.1m/s"—>

ie—lm—)|B

Photos by Yiheng Wang / CC BY
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https://www.youtube.com/playlist?list=PLLbvVfERDon1xk3wGaYfXSmGa1u83mGn-

Example Calculation Vi

Photos by Yiheng Wang / CC BY
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https://www.youtube.com/playlist?list=PLLbvVfERDon1xk3wGaYfXSmGa1u83mGn-
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Example Calculation

y
Y
a =0.1rad/s’
@=0.4rad/s . -
/ Absolute velocity of the toy duck = vy
_’B — ’{?A —|—§—2’ X 'FE‘?/A + (QTJB\/A)Q;y
= 02mis—> 7 \
IZ'et =0.lm/§2—> 0 0.4k 13 0.21
A ! B x X A X X
elmy Tp = 0.4k x 13+ 0.27

= 0.47 +0.22
v = 0.2¢ + 0.47 m/s

Photos by Yiheng Wang / CC BY
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https://www.youtube.com/playlist?list=PLLbvVfERDon1xk3wGaYfXSmGa1u83mGn-

Example Calculation Vi

y

Y

o =0.1rad/s’

"//0.4 rad/s

’E_J’B — |6A + ﬁ X FB/Al—I_ I(TTB/A)$yI

v, =02nys —> \ )\
a: =0.1nf/s—> ! !
A - % x  Absolute velocity Relative velocity

- 1m B of Point B on the of Point B wrt
xy frame. Point A
Motion of xy Motion of Point B
frame observed observed from the
from the XY xy frame

frame

Photos by Yiheng Wang / CC BY
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https://www.youtube.com/playlist?list=PLLbvVfERDon1xk3wGaYfXSmGa1u83mGn-
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Example Calculation Vi

y

Y
=0.1 rad/s’ _
. Absolute acceleration of the toy duck

@=0.4rad/s >\
/ 4 \

aas+ Q) x T—"B{A — 927_"3\/;1 + 2§ X (QP)'B\/A)my + (@’J?/A)my

ap = QA P
o~ 5 Y R \ \
F:=0.2m/s—> 0.1k 11 0.42 13 0.2 0.1
=0.1 m/s’—> ~
Al : % « 2(0.4k)
|<— 1 m —)lB

ip =0+0.1k x 12 — (0.4%)(17) + 2(0.4k) x 0.2¢ + 0.12
—=0.17 — 0.16¢ + 0.165 + 0.17
dp = —0.15i + 0.26] m/s”

Photos by Yiheng Wang / CC BY
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https://www.youtube.com/playlist?list=PLLbvVfERDon1xk3wGaYfXSmGa1u83mGn-

ap = GA + 0 x Tp/a — T, "B/ + 2Q X (Up/A)ay - (GB/A)
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Absolute acceleratlon of |

Point B

| |
on the xy frame. Coriolis Relative |
acceleration acceleration of Point
B wrt Point A

Motion of xy frame
observed from the XY

frame

a =0.1rad/s’

f 0.4 rad/s

n

©0Re

Y

Ve =02 18/s —>
a, =0.1 s;"—>

](—lm—)|B

Motion of Point B
observed from the
xy frame

An important mathematical
correction factor that must be
included when using rotating

X reference frame.

Named after a French engineer,
G.C. Coriolis who was the first to
determine it.

Photos by Yiheng Wang / CC BY
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Conclusions

« Relative motion analysis using rotating axes is used to
solve problems involving:
— connected members that slide relative to one another, or
— points that are not located on the same body.

* |[n this case, there is a new term called the Coriolis
acceleration, which is given by 2Q X (Vg /1) 4y -
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“A man may imagine things that are false, but he can
only understand things that are true.”

— Sir Isaac Newton
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