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Conservation of Momentum and Energy

« Aims
— The aim of this lecture is to recall the basic momentum equations
related to fluid flow and heat transfer.

« Expected Outcomes: At the end of this lecture, students
should be able to

— understand the governing momentum equations
— derive 2D momentum equations
« References

1) J.Tu, G.H. Yeoh, C. Liu, Computational Fluid Dynamics : A Practical Approach, Elsevier, 1st Edition, 2013.
2) C.T. Shaw, Using Computational Fluid Dynamics, Prentice Hall, 1992
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Tensor representation

Each of the six faces has a directign.

For example, this face
and this face

are normal to the y direction

A force acting on any face can act in the x, y and z directions.
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Consider the face below.
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The face is perpendicular to the y direction.
The force per unit face area acting in the x direction on that face is the

stress 1, (first component: face, second component: stress direction).

The forces per unit face area acting in the y and z directions on that
face are the stresses 1, and t,,.

Here 1, Is a normal stress (acts normal, or perpendicular to the face)
and 1, and t,, are shear stresses (act parallel to the face)
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Normal stresses are defined to be positive outward, so the orientation
IS reversed on the face located Ay from the origin

Shear stresses similarly reverse sign on the opposite face.

Thus a positive normal stress puts a body in tension, and a negative
normal stress puts the body in compression. Shear stresses always put
the body in shear.
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> The basis for the derivation of momentum equations the
Newton's 2" Law of Motion

b) Conservation of momentum Q

> It is function of the forces on the applied to the fluid and the
Its acceleration.

Rate of increase of Sum of forces
momentum of = on
fluid particle fluid particle
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Consider small portion of the domain fluid as shown
above, where 7 is the shear stress (parallel to the
AN surfaces) and ¢1s normal stress
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> The acceleration of a fluid particle can be calculated by

taking change of velocity with spatial directions ( X and
y ), and time (t).

> Letu and v be the x and y, respectively, components of
the fluid velocity.

» Thus, the material derivative of u will have the form

_ou ou ou
Du = dx+Wdy+ﬁ dt

> which becomes, on dividing by delta t

du_oudx_ oudy  oudt
dt  OX dt aYdt ot dt
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> Now,®_y, and, - V5%
dt

Du_. . ou ., 0u,du
ﬁ_uﬁ+vay+8t

> Thus,

> This expression represents the total acceleration of the
flud In the x-direction and Is called the material
derivative of u .

Fy=may=m_—"——"=mu_—+V_—+
Dt ox oy ot

> Newton's Second Law: Du {6u ou  ou

where F,, m and a, are the force, mass, and acceleration
of the fluid in the x-direction.
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> The x-component of the force applied on the fluid
element can thus be calculated as

8u ou , ou OO T
8X +Vay + o J ~3x dxdy+dedy
> But
0=—p+2,ua_u, and = 8v+8u
OX OX oY
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> Substituting the normal and shear stresses we get the
X-momentum eqguation

ou ou _ ,,0u 8p
[at Uax +V8y} X'

2u 62u
2" 2
6x oy
> Similarly, the y-momentum equation is

2v 82v
> _ 5
OX oy

OV, OV OV Op.
A vey |-

Where 4¢is the viscosity of the fluid and o©is its density.
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Consider a 2D steady, incompressible viscous flow between
two parallel plates a distance L apart. Assume that the plates
are very wide and very long, so that the flow between the
plates is essentially in the x direction. The upper plate moves
at velocity V. Neglecting the pressure and gravity effect,
determine

Example

a) the velocity field,

b) the shear force per unit area acting on the bottom plate,
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Solution ) Jues
» Step 1. List the given information

— Assumptions

The plates are infinite in x and z directions
Steady state flow condition, o/ot =0
v=w=0, the flow is assumed to be parallel
Incompressible flow

No pressure gradient in y-direction

Two dimensional flow, w=0, 6/oz = 0

No Gravity ,

NOoO koW R

— Boundary conditions (Take the origin at the corner of the
bottom plate)
1. Aty=0:u=0, v=0,w=0
2. Aty=h:u=V, v=0, w=0
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» Step 2: Simplify

Continuity ou 8/
8:1:

oU

oz "

X-momentum

(G B ) e (G G

02U
Or2 =0
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»Step 3: Integrate Vi

X-momentum

d2 U integrate d’U; integrate

@_o—b@:cl—bu(y) = Chy + Cs

> Step 4: Apply the BC's

> y=0,u=0, C4(0)+C, = C,=0
> y=h, u=V,  C,h_= C,=V/h

u(y) =V+
This gives Yy) = h
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> Step 5: Substitute the velocity values in to the
continuity and momentum equations and verify
that both equations are conserved.al equations

— From the X, y, and z, velocity components

u=%, v=0, and w=0

- We get ou ov ow

57 = 0, 9y =0, 5, = 0
— Continuity is satisfied
0+0+0=0

— X-momentum is satisfied

p(O+V%-O+O-V/h+O-O) = —0+p-0+p(0+0+0)
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* Finally, the shear force on bottom plate can
be calculated as

oUu oUu ov oUu oW
_ oV oUu oV oV oW _ Vv
Tij = l"’(a_:c_'_@_y) 215y ﬂ(az+ay) - HOF 8 8
ow ou ow oV ow
1w (% + 52) ”(8—y+5) 21,

PV,
A h
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CFD EXERCISE vumversiti
Perform a 2D CFD analysis for the laminar incompressible
flow of air between two parallel plates discussed in the
previous example. The length of the pates is 2 m and the gap
between them is 0.2 m. The air is flowing in the horizontal
direction along the plate length at velocity of 0.025 m/s.
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Conclusion of the lecture

» The x and y components of a two
dimensional conservation of momentum

equation

2 2
ou _, ;Ou 8UJ op |o07u _ o“u
Pl § AR R VACA I et utl +
[6t OX ~0y) OX |52 ayz
QU ruQ |, 0%V, &%V
ot mox oy ) oy M 52 52
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