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Chapter Description

* Expected Outcomes
Students will be able to:

— Determine the natural frequency for damped free
vibration

— Solve the problem related to damped free vibration

* References
— Singiresu S. Rao. Mechanical Vibrations. 5" Ed

— Abdul Ghaffar Abdul Rahman. BMM3553 Mechanical Vibration
Note. UMP.

— Md Mustafizur Rahman. BMM3553 Mechanical Vibration Lecture
Note. UMP
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SDOF Damped Free Vibration

A Given an initial condition, determine the

resulting motion.
d Initial condition:

d x:Initial position

1 x : Initial velocity




Viscous Damping Element VM
(Dashpot)

( Damping force is linear and proportional to velocity

Force, F F — CX

ﬂ‘ Ax

/ Velocity, x

A c is the viscous damping coefficient
Q Units: N-sec/m
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Maintain Dynamic Equivalent

Free Body Diagram

kx + k& cx

T L]

m ix i

mg

At rest, X = 0 (Static equivalent)
mg = Ko,




Maintain Dynamic Equivalent QM

Apply Newton’s 2nd Law

kx + k& cx
T T > F=mX
- ZFm = m¥
mg — (kx + k& )—cx = m&
mg

Equation of Motion: | MY + CX + kX — O




Equation of Motion: Ui

MX+CX+kx=0

e 2" order differential equation
* Homogeneous

* Linear

* Constant coefficients

* Form of solution:

X(t)= Asin(wt+8) or x(t)= Ae®




Equation of Motion: | m¥X + cX + kx =0

Assume, x(t)= Ae®
then x(t)= Ase®
and X(t)= As’e®
mAs“e* + Asce™ + kAe™ =0
(ms2 +cs+k )AeSt =0
for a non - trivial solution

ms+cs+k =0
w. - v




Equation of Motion:l MmX+cX+kx =0

ms® +cs+k =0

If s, and s, are not equal




Thus the general solution is: QE”AMN;
X(t) _ Aleslt + AzeSZt

C C 2 Kk C C 2 k
— | —— it Je—— || — | — 3t
2m 2m m 2m 2m m

+Ae’ :

I
+

r
-

:Ale

where A, and A, are arbitrary constants to be
determined from the initial conditions of the system.
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Damping Parameters VM

Critical Damping Constant and Damping Ratio:

2
CEs
2m m
C. = 2m\/7 2~ km =2ma,

The damping ratio, Cis defined as:

{ =clc,
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Damped Solution ) e

wwwwwww + Technology « Creatvity

Define:

®, = \/E = Natural Frequency
m

¢ = Ci = Damping Ratio

31,2 = _é/a)n * \/ (4/2 _1) a)n
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Thus the general solution is: QP:”AJ,AVNG

X(t) = A&e)(_ngljw”t + Aze(_g_kfl)wnt

Assuming that { # 0, consider the following 3 cases:

Casel. Underdamped system

( <lorc<c, orc/2m<+/k/m)
For this condition, ({?-1) is negative and the roots are:

.= |-¢+if1I-C o,
s, =[-¢-ii-c7h,
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and the solution can be written in different forms:vgﬁamg

X(t) _ Ale(—{ﬂ@)a)nt (—g—i\/?)a)nt

:e—g“a)nu Alei 1-C 2 ot _l_AZe—i 1—§2wnt}
’
=g Ceosyl-CCat+ Dsin\/l—gza)nt}
)
= Ag ™! sin(\/l—g“za)nt +9,

+Ae

where (C,D) and (A,®) are arbitrary constants to be
determined from initial conditions.

Damped Frequency, @, = @, /1-¢?

X(t) =e *"{ C cosa,t + Dsin a,t}
e
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For the initial conditions att =0 QMAMNG
Xy + SO,
\/1_ é/za)n

and hence the solution becomes

C=x,and D =

( A

Xg +C @ X, .
X(t) =73 X, €0S4/1- o, t + S %0 sin 1-Cfot

\ V1-CCo, )

This equation describes a damped harmonic motion. Its
amplitude decreases exponentially with time.

'

Damped Frequency, @, = @, /1 ¢?
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The frequency of damped vibration is: Q Lo

mmmmmmm + Technology + Creatvity

x (m)
1 272'
Td -
Wy

0.5 - \
\ Ae—é’a)nt

0 T I
0.5 1 1.5 2 tis)
0.5 - |
X(t) = e "' X C0S~/1— 2 t+X°+4a)“X°sin 1-Pt
() { 0 é/ a)n \/1_74'20)“ é, a)n
1 Damped Frequency, @, = @,/1- ¢

Image source: https://commons.wikimedia.org/wiki/File:Underdamped_oscillation_xt.png



e Case 1: (<1 Under damped vmm:
(plot of x(t) vs. time) CAHANG

X(t)=e“*"(Ccosa,t + Dsin a,t)
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e Case 2: (=1 Critically damped vumversm

(Real equal roots)

S1,2 = —a),
S1 = —a),
SZ = —,

X(t)= Ae™ + Ate™ or
X(t)= (A +At)e™

* A, and A, are constants to be found from initial
@ conditions
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Case2. Critically damped system Q Universit

(¢=lorc=corc/2m=+k/m)

the two roots are: C

Due to repeated roots,

X(t) = (A +At)e™

Application of initial conditions gives:

A=x, and A =X+wX,

Thus the solution becomes:
X(t) = [Xo + (Xo + @, X, )t]e_wnt
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e Case 2: (=1 Critically damped Qumversm
(Real equal roots)
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Case3. Overdamped system lever;ng
(¢ >1or c>c.or ¢/2m>k/m)

The roots are real
s, =(-¢+/Z2 1)y, <0
s, =(—.f;—w/§2 —1)o)n <0

X(t) = Aie(_ﬁkfljw”t + Aze(_g_ﬁl)w”t

For the initial conditions at t =0,
xoa)n(§+ 52—1)+>'(0

AT 20 7 -1
A - —xoa)n(g—\/cjz —1)— %,
2m,+/¢% -1




Damped Vibration Response

It can be seen that the motion is aperiodic (i.e.,

nonperiodic). Since, the motion will eventually diminish

tf{)ﬂzero. e _s 0 as t —> oo

Undamped { = 0}

Overdamped (£ = 1)

Critically
., damped ({=1)
e

Underdamped {§ << 1}

P\ {wyissmaller
Xg ,f \</ thanw,,)

is

W

Fu

2

iy

Comparison of motions with different types of damping ‘oNom




Free Vibration with Viscous Damping QEAAMNG

<<<<< ooy

e Logarithmic Decrement:

X, X,&" cos(w,t, — )

N
X, X,e " cos(w,t,—¢,)

The logarithmic decrement can be obtained

5:Inﬁ:§wnfd:§wn 2rg _2m C

X, l-¢? @, 2m
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Logarithmic Decrement V

Logarithmic decrement : the rate of decrement for free
damped vibration amplitude. It is defined as the ratio of any

two successive amplitudes .

. oSl (X S1n (fﬂdﬁ T ¢’))
e—;’m}jfﬁn (X S1n ((,{de”H + ¢))

4+l
X e SClt o 27 27
nid : . — —
1 — P —g "'nD - []Slllg. TD — — =

X new, 2w n2lms
i becomes II- X, \{1_;-2 B 'Il—;"j'
A'H-F] =€ =€

Y

n+1
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For small damping,

Hence, O~ 27l If ¢ <<1 (2.86)
) (2.87)
\/(27r)2 +5°
or
ran (2.88)
27T
Thus,
5:1|n( al j (2.92)
m Xm+1

where m is an integer.
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Logarithmic Decrement VM
n2ml

Given - Y _ eV take In (log,) both sides

X, n2rl
In ( ] 2= Log Decrement

-7

H+1




Logarithmic Decrement QM

1

0.8

0.2} A {\ [\ N Xs .

| \/ \/\/\/\A/\/\/ X, =0.68
o | x,=012
067 11 (0,68

Example

ampiltude

—In ~ 27C
08t i .

5 10.12
_1[] I|1I1 Df..? Df& D_Iél D_Iﬂ D_IE D!? D.IB D.IEI 1

time - seconds é’ — 0055 SSUA}




Logarithmic Decrement

Damping ratio (for many stuctural 0001 <_: é, <_: 005

materials)

% critical damping

£ #100%

0.1% < & <5%
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Problem 2.98 (S.S. Rao 5t" Ed)

* The ratio of successive amplitudes of a
viscously damped single-degree-of-freedom
system is found to be 18:1. Determine the
ratio of successive amplitude if the amount of
damping is

* (a) double

* (b) halve




SOIUtion Q niversit

Ini_lnE 27

X, 1 \/1_
(a) If damping is doubled

27T .;new ~ 27(0.8358)

== ¢ =0.4179

In— s 71 —14265.362
-2, \/1 (0.8358)7, X

(a) If damping is halved

" L zyzgnew ~ 27(0.2090) _ X _ag008

N
=22, \1-(02000)F %,




Problem 2.103 (S.S. Rao 5t Ed)

* For a spring-mass-damper system, m = 50 kg
and k=5000N/m. Find the following:
— Critical damping constant Cc
— Damped natural frequency when ¢ = Cc/2

— Logarithmic decrement.




Solution Q e
m=50kg, k=5000 N/m

C. =2mw, _2m\/7 2./km = 2+/5000 x50 =1000 N -s/m

c=C,/2=1000/2 =500 N -s/m
2 2
N T2 LS O I I gy S 1—(500J —8.6603 rad/s
m|~C, 50 1000

5227;((:): 27 (500)23_6276
o, \2m ) 8.6603 | 2x50
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For Case §<1

X, + 5@ X,

siny1-¢2
V1=, }

X(t) = e?“’“t{x0 cosy1- o t+

For Case é’:]_

X(t) = [Xo T (Xo + @, Xo)t]e_wnt
For Case é’ >1




Problem 2.104 (S.S. Rao 5t Ed.)

* Arailroad car of mass 2000kg travelling at a velocity v=10m/s is
stopped at the end of the tracks by a spring damper system as
shown in the figure. If the stiffness of the spring is k=40N/mm and
the damping constant is ¢ = 15 N-s/mm, determine (a) the maximum
displacement of the car after engaging the spring and damper and
(b) the time taken to reach the maximum displacement.

=

k/2
1]
[ e

00—

ki2
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m=2000kg, v=X,=10m/s, k =40 N/mm =40000 N/m
¢ =15 N -s/mm =15000N -s/m

@, = \f 1/4000 =4.4721 rad/s

= 2mao, = 2(2000)4.4721)=17884 N -s/m

c 15000
é/ — — =0.8387 (Under damped)
C. 1/884
1-¢2 = 4.4721,/1-(0.8387 }* = 2.4346 rad/s
Ty = 277 o _ = 2.5807 sec

oy - 2.4346

Communitising Technology



For x, =0,

-

X(t) =73 X, c0Ss/1- P t+

\

X(t) =e '

r

and X, =10 m/s

Xy + S X,
Vl_gza)n
% sin V1=t

sin
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N

1-CCot

'

J

Vv

\\/1—4’2@] )

Al X

max?

cot:% and sinm_1-£°t=1

n

-

10 a)\

\1-(0.8387  (4.4721)

1.1001 m

T 7
2, 2x4.471

n

=0.3513 sec
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Thank You

Che Ku Eddy Nizwan Bin Che Ku Husin
Faculty of Mechanical Engineering
Universiti Malaysia Pahang

E-mail:
Tel: +09-424 6217
Focus Group Website:
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