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System Representation

• Aims

– To explain the method of system representation in LTI system, 

convolution in frequency domain and frequency response.

• Expected Outcomes

– At the end of this course, students should be able to represent 

LTI system in using difference equation, transfer function and 

impulse response.

– Perform convolution in frequency domain.

– Find the frequency response of the system.



System Representation

 LTI System can be represented in 3 ways;

1. Difference Equation, y(n)

2. Transfer Function, H(z)

3. Impulse response, h(n)



Difference Equation

It is presented in discrete-time domain shown 
in example below;
y(n) = 3y(n-1) + y(n) – 2x(n-1) + 3x(n)
The signal representation should start with y(n) 

which represent the output of the system. 
Meanwhile, x(n) stands for the input of the 
system.
 The type of LTI system (FIR or IIR) can be 

determined from the system difference 
equation.



Transfer Function

 The Transfer Function is defined as the ratio of the output 
sequence over input sequence. It is always expressed in 
term of z-domain as shown below:

X(z)                                          Y(z)

Y(z)  =  H(z)X(z)

H(z)  =  Y(z) / X(z)  =>System Transfer

Function

 The Transfer Function H(z) is derived from the z-
transform of Impulse Response, h(n) as shown below:  

∞

H(z) = Σ h(n)z-n

n= ∞

LTI System, H(z)



Transfer Function 

• The transfer function, H(z) is the ratio of 2 polynomials in z-1.
M

H(z)  =  N(z)/D(z)  =      Σ bkz
-k

k=0

N

1 + Σ akz
-k

k=1

=  b0  + b1z
-1 + … + bMz-M

1 + a1z
-1 + … + aNz-N

 H(z) is obtained from the system described by a linear constant-
coefficient difference equation of the form:

N                                   M

y(n) =  - Σ aky(n - k) + Σ bkx(n - k)
k=1                                k=0



Transfer Function : Example

Determine the system function and the unit sample response of the

system described by the difference equation :

y[n] = ½ y[n-1] + 2x[n]

Solution :

1. Convert the equation above into z-transform

-transform as shown below:

Y(z) = ½ z-1 Y(z) + 2X(z)

(1 – ½ z-1) Y(z) = 2X(z)

2. Now, define system Transfer Function :

H(z) = Y(z) / X(z) =  2 / (1 – ½ z-1),      no zero & pole, p1 = 1/2

3. By using the inverse z-transform, the unit sample or impulse

response can be determined:

h(n) = Ƶ-1 {H(z)} = 2(1/2)n u[n] 



Transfer Function : Example

Determine the system function and the unit sample response of the

system  described by the difference equation :

y[n] – y[n – 1] = x[n] + x[n - 1]

Solution :

1. Convert the equation above into z-transform

-transform as shown below:

Y(z) - z-1 Y(z) = X(z) + z-1 X(z)

(1 – z-1) Y(z) = (1 + z-1)X(z)

2. Now, define system Transfer Function :

H(z) = Y(z) / X(z) =  (1 + z-1) / (1 – z-1),  zero at -1 & pole at 1

= (1 / 1-z-1) + (z-1 / 1-z-1)

3. By using the inverse z-transform, the unit sample or impulse

response can be determined:

h(n) = Ƶ-1 {H(z)} = u[n] + u[n-1] 



Impulse response

 Impulse response or unit sample response, is a system 
representation in time-domain, h(n).

 It can be obtained from difference equation that used to 
describe the system.

 There are two types of impulse response;

 FIR (Finite Impulse Response) – Non-Recursive 

 IIR (Infinite Impulse Response) - Recursive



FIR System (Non-recursive)

 It is a system where the output of the system only depend on the 
input signals.

 The system only has zeros and no poles.
 The system has no feedback.
 The system always stable.
 Example of the difference equation that can describe the system;

 y(n) = x(n) + x(n-2) – 2x(n+1)



IIR System (Recursive)

 It is a system where the output of the system not only depend on 
the input signals but the past values of the output signals.

 The system only has both zeros and poles.
 The system has feedback.
 The stability of the system depends on its poles.
 Example of the difference equation that can

describe the system;

 y[n] = ½ y[n-1] + 2x[n] + x[n-1]



Convolution - Example 

 In LTI system, the convolution of input signal with the impulse 
response of the system involved the finite and infinite sequence 
of either input signal or impulse response.

 Example:  
Perform convolution to the following 2 finite input signals;
x1(n) = {1, -2, 1}

x2(n) =    1,  0  n  5, 
0, elsewhere



Convolution - Example 

x1(n) = {1, -2, 1}  X1(z) = 1 -2z-1 + z-2

x2(n) =    1,  0  n  5,    
0, elsewhere

X2(z) = 1 + z-1 + z-2 + z-3 + z-4 + z-5

Perform convolution;
X(z) = X1(z)X2(z) = (1 -2z-1 + z-2)(1 + z-1 + z-2 + z-3 +

z-4 + z-5 )

= (1 – z-1 – z-6 + z-7)

Perform inverse of X(z) to get x(n)  {1, -1, 0, 0, 0, 0, 0, -1, 1}



Convolution - Example 

 Example:  

Perform convolution to the following infinite input signals and impulse

response of the system;



Convolution - Example 

 Change all n to k and perform signal shifting by k. 

 For better view, convert both signal into graphical form as shown below.



Convolution - Example 



Convolution - Example 



Convolution - Example 



Convolution - Example 



Convolution - Example 

• Convolution in the LTI system also involved the 
finite sequence with infinite sequence with 
the following properties;



Convolution - Example 

• Perform Convolution on the following finite 
input signal with infinite impulse response. 



Convolution - Example 

• Perform Convolution on the following finite input signal with 
infinite impulse response. 



Convolution - Example 

• Perform Convolution on the following finite 
input signal with infinite impulse response. 



Convolution - Example 



System response - Example 

Determine the response of the following system

y(n) = -0.1y(n-1) + 0.2y(n-2)+ x(n) + x(n-1)

if the input signal is

x(n) =  (1/3)n u(n)



Convolution - Example 

 Solution :
1. Find the transfer function of the system;

H(z) = (1 + z-1 )/ (1 + 0.1z-1 -0.2 z-2)

2. Factor  out the Denominator of H(z);

H(z) = (1 + z-1) / (1 – 0.4z-1) (1 + 0.5 z-1), zero at z = -1, poles

at z = 0.4 and -0.5.

3. Perform z transform to the input signal;

X(z) = 1/ (1 – 1/3 z-1)

4. Now, perform convolution;

Y(z) = H(z)X(z)

= [ (1 + z-1) / (1 – 0.4 z-1)(1 + 0.5 z-1)] (1 / (1 – 1/3 z-1))

= (1 + z-1) / (1 – 0.4 z-1)(1 + 0.5 z-1)(1 – 1/3 z-1)

5. Using inverse z-transform by partial fraction technique to obtain

y(n).

Y(z) = A / (1 – 0.4 z-1) + B / (1 + 0.5 z-1) + C / (1 – 1/3 z-1)          

A = (1 + z-1) / (1 + 0.5 z-1)(1 – 1/3 z-1) at z = 0.4

= 28/3



Convolution - Example 

Y(z) = A / (1 – 0.4 z-1) + B / (1 + 0.5 z-1) + C / (1 – 1/3 z-1)          

B = (1 + z-1) / (1 - 0.4 z-1)(1 – 1/3 z-1) at z = -0.5

= -1/3

C = (1 + z-1) / (1 - 0.4 z-1)(1 + 0.5 z-1) at z = 1/3

= -8

Thus,

Y(z) = (28/3) / (1 – 0.4 z-1) -1/3 / ((1 + 0.5 z-1) – 8 /((1 –

1/3 z-1)

Convert to y(n) by referring to the table of z-transform  

common pairs;

y(n) = [28/3 (2/5)n + 1/3 (-1/2)n – 8(1/3)n ]u(n)



Frequency Response 

 The LTI system can be transformed into frequency domain using 
Fourier Transform.

 To convert the system into its frequency domain, need to start 
from its z-plane;
z = rejω or rejθ where r is the radius and ω or θ
is the angle of the circle. If r =1, z = ejω which
represent the unit circle.

 Thus, by replacing z with ejω , the LTI system is converted from z-
transform to its frequency domain.

 The response of the LTI system after replacing z with 
ejω is called Frequency Response as shown in
equation below; 

H(z) = H(ejω) = H(ω)



Frequency Response 



Frequency Response - Example 

The LTI system is described by its transfer 
function below;

H(z) = 1 / (1 – 0.8z-1)

Calculate the following;
(i) The impulse response, h(n)
(ii) Frequency response, H(ω)
(iii) Magnitude and Phase response



Frequency Response - Example 

(i)   using inverse z-transform and inspection method,

h(n) = 0.8n u(n)

(ii) To get frequency response, replace z of H(z) with ejω, thus

H(ω) = 1 / (1 – 0.8(ejω)-1)

now, simplify the equation to;

H(ω) = 1 / (1 – 0.8e-jω)  or  e-jω / (e-jω – 0.8)



Frequency Response - Example 

(iii) Find Magnitude and phase response using

Euler Identity;

ejω = cos ω + jsinω

e-jω = cos ω - jsinω

Thus rewrite H(ω) using Euler’s identity,

H(ω)= 1 / (1 – 0.8e-jω) 

= 1 / (1 – 0.8 (cos ω – jsin ω))

= 1 / (1 – 0.8 cos ω + 0.8jsin ω)

= (cos ω + jsin ω) / ((cos ω + jsin ω) –

0.8)

Then, re-arrange the real and imaginary part for 

both sides;



Frequency Response - Example 



Frequency Response - Example 

phase response;
 (ω) = tan-1 im{H(ω)}/re{H(ω)}

=                      0o

tan-1 [ (0.8 sinω)/(1 – 0.8cosω)

= - tan-1 ((0.8 sinω)/(1 – 0.8cosω))
if replace ω = /4,
 () = - tan-1 ((0.5656) / (0.4343) = 52o

• H() = 1.452o



To obtain system representation in term of difference equation, 

transfer function and impulse response, obtain system response using 

convolution, and find the frequency response of the system

To identify 

system 

representation, 

transfer function, 

& frequency 

response 

To convert the 

signal into freq. 

domain and find 

the response

To calculate system 

Transfer function and 

impulse response,  

perform convolution in 

frequency domain 

To configure system 

response based on 

the convolution & 

frequency response 

of the system
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SYSTEM REPRESENTATION



Conclusion

• Able to apply system representation method to LTI system 

to obtain transfer function and impulse response of the 

system.

• Able to perform convolution in frequency domain between 

discrete-time input signal with its impulse response to 

obtain system response. 

• Able to understand the process to find the frequency 

response of the system.
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