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Definition of Laplace Transform

> Laplace transform is another method to transform a signal
from time domain to frequency domain (s-domain)

» The basic idea of Laplace transform comes from the Fourier
transform

» As we have seen in the previous chapter, not many functions
have their Fourier transform such as ¢, t2, €, etc.

» The Laplace transform formula is the modification of the
Fourier transform formula:

P = FO)1 = [ s a

that is, the term jw is replaced by s

> s is equal to o + jw, where o is a large positive real number
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The Laplace transform formula:
(o)
0

Pls) = LIf0) = [~ f0yeide

v

However, the Laplace transform only support the function
f(t) which domain t > 0

In order for f(t) to have a Laplace transform, the integral
must converge to a finite value

v

v

Since |e?“!| = 1 for any value of ¢, the integral converges when

| e < o
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Example 15.1, pg. 678 (Alexander & Sadiku, 2009)

Determine the Laplace transform of each of the following
functions:

(a) u(t)
(b) e~ ®u(t), a>0

(c) 4(t)

Answer:
(a) -
s
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» Comparison between Laplace transform and Fourier transform:

Laplace transform

Fourier transform

— One-sided (the integral is over
0 < t < o0), making it only
useful for positive time func-
tions, f(t), t >0

— Applicable to a wider range of
functions

— Better suited for the analysis
of transient problems involving
initial conditions, since it per-
mits the inclusion of the initial
conditions

— Applicable to functions de-
fined for all time

— Exist for signals that are not
physically realizable and have
no Laplace transforms

— Specially useful for problems
in the steady state
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Laplace Transform Pairs

BEE2143

f(t)

o(t) 1
u(t) .
e~ %u(t) i
0 =
t"u(t) 2
te—atu(t) (s-i—la)z
tne—atu(t) (s+¢111)!”+1
sin wtu(t) T
cos wtu(t) T
sin(wt + §)u(t) SS”;ZI—‘:J?’SQ
cos(wt + @)u(t) %
e~ sinwtu(t) Greria?
e~ cos wtu(t) G
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Properties of Laplace Transform

> Linearity
Llaf(t) + bg(t)] = aF(s) + bG(s)
» Time scaling
citan) = 7 (2)
» Time shifting
LIf({t = a)ult — a)] = e F(s)

» Frequency shifting

Ll f(t)] = F(s+a)
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» Time differentiation

a0 _
£ [7: =sF(s) — f(0)
. [dzgt) =5"F(s) — sf(0) = f'(0)
L |:d7;_{r(zt)- =3nF(S) - 3”—1f(0) _ Sn—2f/(0) . f(n—l)(o)

» Time integration

c [/Otf(t)dt] _ )

s
» Frequency differentiation

el s = (-1
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Frequency integration

L {@] = /SOOF(s)ds

» Time periodicity
el = gy = pe 1)
> Initial value
£(0) = lim sF(s)
» Final value

f(o0) = lim sF(s)

s—0

» Convolution

LU @) g(8)] = Fs)G(s)
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Practice Problem 15.3, pg. 687 (Alexander & Sadiku,
2009)

Find the Laplace transform of f(t) = (cos 3t + e~ )ul(t).

Answer:
252 +55+9

Fe) = o9
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Practice Problem 15.4, pg. 688 (Alexander & Sadiku,
2009)

Determine the Laplace transform of f(t) = % cos 3tu(t).

Answer: ( ) )
2s(s“ — 27

F(s) =22 27/
()= oo
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Practice Problem 15.5, pg. 688 (Alexander & Sadiku,
2009)

Find the Laplace transform of the function h(t) in Fig. 15.6.
h(r) A

10

I 4

Answer: .
BEE2143 H(s) — j(2 _1€f4s B 6783) -
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Practice Problem 15.6, pg. 689 (Alexander & Sadiku,
2009)

Determine the Laplace transform of the periodic function in Fig.
15.8.

1(f) A
1

0o 2 5 7 10 12

Answer:
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Practice Problem 15.7, pg. 690 (Alexander & Sadiku,
2009)

Obtain the initial and the final values of

353 425410
G = 2261 3)

Answer: 3, 0.83333
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Inverse Laplace Transform

» The inverse Laplace transform is defined as

50 = £ = o [ F(s)et

= s)] = — s)e*'ds
J2m Joy—joo

where the integration is performed along a straight line

(01 + jw, —00 < w < o0) in the region of convergence,

o1 > O¢

» The direct application of this equation involves some
knowledge about complex analysis

» For this reason, we will not use this equation to find the
inverse Laplace transform

» We will rather use a look-up table of the Laplace transform

pairs
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» Suppose F'(s) has the general form of
N(s)

F —
(S) D(S)

where N(s) is the numerator polynomial and D(s) is the
denominator polynomial

» The roots of N(s) are called the zeros of F'(s), while the
roots of D(s) are the poles of F'(s)

» We use partial fraction expansion to break F'(s) down into
simple terms whose inverse transform we obtain from the
Laplace transform pairs table

» Thus, finding the inverse Laplace transform of F'(s) involves
two steps
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» Steps to Find the Inverse Laplace Transform:
1. Decompose F'(s) into simple terms using partial fraction
expansion.
2. Find the inverse of each term by matching entries in Laplace
transform pairs table

» The three possible forms F'(s) may take:

1. Simple poles

A B
F(s) =
(5) s+a+s—|—b+

2. Repeated poles

A, Ao Ay

F(S)I—(S+p)n+...+—(S+p)2+m

3. Complex poles

A18—|—A2
F(s) = ————
(5) s24+bs+c
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Practice Problem 15.10, pg. 695 (Alexander & Sadiku,
2009)

Obtain g(t) if
s3+2s+6

)= T2+ 9)

Answer:

g(t) = (2 —3.25¢7" — L.5te™" + 2.25e~* )u(t)
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Practice Problem 15.11, pg. 697 (Alexander & Sadiku,
2009)

Find g(t) given that

10
(s+1)(s?> +4s + 13)

G(s) =

Answer:

1
g(t) = <e_t — e 2 cos3t — ge_% sin 3t> u(t)
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Problem 15.37, pg. 712 (Alexander & Sadiku, 2009)

Find the inverse Laplace transform of:

s+4
(a) H(s) = S512)
s +4s+5
(b) G(s) = (s +3)(s2+25+2)
6—43
(€ Fis)= <
10s

(d) D(s) = (s24+1)(s2+4)
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Problem 15.37, pg. 712 (cont.)

Answer:
(a) h(t) = (2— e *)u(t)
(b) g(t) = (0.4€3" + 0.6e ! cost + 0.8~ sint)u(t)
(c) f(t) =e 2" Du(t —4)
10
(d) d(t) 3 —(cost — cos 2t)u(t)

BEE2143 22 RMT



BEE2143 - Signals & Networks Universiti
L Malaysia
Inverse Laplace Transform PAHANG

Problem 15.48, pg. 713 (Alexander & Sadiku, 2009)

Find f(t) using convolution given that:

4
@) F6) = @ rape
(b) Fs) = ——

(s+1)(s%2+4)

Answer:
(a) f(t) = e 4(0.25sin 2t — 0.5¢ cos 2t )ul(t)
(b) f(t) = (—0.4e7" + 0.4 cos 2t + 0.8 sin 2t)u(t)
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