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Trigonometric Fourier Series

» A Fourier series is an expansion of a periodic function f(¢) in
terms of an infinite sum of cosines and sines

> In other words, any periodic function can be resolved as a
summation of constant value and cosine and sine functions

oo
f(t)= ao + Z(an cos nwot + by, sin nwot)

dc n=1
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» The computation and study of Fourier series is known as
harmonic analysis

» This is extremely useful as a way to break up an arbitrary
periodic function into a set of simple terms that

» These terms can be plugged in, solved individually, and then
recombined to obtain the solution to the original problem or
an approximation to it
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» Fourier series coefficients:

T
ao = % /O F(t)dt

9 [T
ap, = — / f(t) cos nwotdt
T Jo

9 T
by, = —/ f(t) sin nwotdt
T Jo
where
2
“ =

» Since f(t) is periodic, it may be more convenient to carry the
integrations above from —T'/2 to T'/2 or generally from ¢, to
to+ T instead of 0 to T'
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» Note that

T
a :% /0 Ft)dt
1

x Area below graph over one period

~ Perio
=Average value of f(t)
=dc component of f(t)
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» The form

o0

f(t) =ao+ Z(an cos nwot + by, sin nwot) (1)

n=1

is known as the sine-cosine form

> An alternative form of (1) is the amplitude-phase form

f(t) =ao+ Z A, cos(nwot + ¢n)

n=1
where .
Ap=+a2+b |, ¢,=—tan I =
an
or

Ay ¢On = ap — jby
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Practice Problem 17.2, pg. 764 (Alexander & Sadiku,
2009)

Determine the Fourier series of the sawtooth waveform in Fig.

17.9.
f@
3
> a4 o 1 2 3.7
Answer:
=232 snonm
=—— — sin 2n7
2 et nmw
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Problem 17.5, pg. 799 (Alexander & Sadiku, 2009)

Obtain the Fourier series expansion for the waveform shown in Fig.

17.49.
Z(t) A
1
-7 0 s 2n 3n ;
-2
Answer:

— 6
t)=-0.5 — sinnt
z(t) + ; —sinn

neodd
9
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Problem 17.9, pg. 799 (Alexander & Sadiku, 2009)

Determine the Fourier coefficients a,, and b,, of the first three
harmonic terms of the rectified cosine wave in Fig 17.52.

f
10

Answer:

ap — 3.183, al = 10, a9 = 6.362, az — bl = b2 = b3 =0
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Exponential Fourier Series

» A compact way of expressing the Fourier series in (1) is to put
it in exponential form

» This requires that we represent the sine and cosine functions
in the exponential form using Euler's identity:

e!* =cosx + jsinz

eI e I*
COST =—F——
2
. eI —e™I*
sing =———
72
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» The complex or exponential Fourier series of f(t) is
w .
F)= D cpel!
n=—o0o
where

1 [T :
Cn = T/o f(t)e Ity

» The coefficients of the three forms of Fourier series
(sine-cosine form, amplitude-phase form, and exponential
form) are related by

Ay Gn = an — Jjbp = 2¢y
» Note that
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Example 17.10, pg. 784 (Alexander & Sadiku, 2009)

Find the exponential Fourier series expansion of the periodic
function
fity=¢e", 0<t<2r

with f(t +2m) = f(t).

Answer:
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Practice Problem 17.10, pg. 785 (Alexander & Sadiku,
2009)

Obtain the complex Fourier series of the function in Fig. 17.1.

S A

1

~ Y
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Practice Problem 17.10, pg. 785 (cont.)
Answer:

1 =
t - _ _ A jn7rt
fy=5- > e
n=-—oo

n#0
n=odd

*L'Hopital's rule: If £(0) =0 = g(0), then

lim @) = lim d%f(x)
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Problem 17.55, pg. 805 (Alexander & Sadiku, 2009)

Obtain the exponential Fourier series expansion of the half-wave
rectified sinusoidal current of Fig. 17.82.

i(0)
/\ 1 sin ¢
=27 -7 0 T 27 RE )
Answer:
00 1_|_e—jn7r nt
t J—
) Z 27(1 — n?)
=—00
BEE2143
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Symmetry considerations in Fourier Series

» Symmetry functions:
> even symmetry
» odd symmetry
> half-wave symmetry
» Any function f(t) is even if its plot is symmetrical about the

vertical axis, i.e.

>
7}_§
-
=
o
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» Any function f(¢) is odd if its plot is antisymmetrical about
the vertical axis, i.e.

. onnn.
\4 N THE LT

[ ] ""j]_‘ [1,
Ti= o, LI’

(©

BEE2143 18 RMT




?_EE2143 — Signals & Networks - Universiti
. . . . . Malaysia
Symmetry considerations in Fourier Series PAHANG

» A function f(t) is half-wave (odd) symmetric if

P(t-5) = —f)

S gln

A A
./| L |
! ¥ 1

T 0 1 F 0 \_/! '
-A

(a) (b)
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» The product properties of even and odd functions are:
» (even)x(even)= (even)
» (odd)x(odd)= (even)
> (even)x(odd)= (odd)
» (odd)x(even)= (odd)
> The integrals properties of even and odd functions are:

T/2 T/2
/ feven(t)dt =2 feven(t)dt
-T/2 0
T/2
| faattrat =0
-T/2
20 RMT
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» Utilizing this property, the Fourier coefficients for an even
function become

9 T/2
a :T ) (t)dt
4 T/2
an =7 f(t) cos nwotdt
0
b, =0

» And the Fourier coefficients for an odd function become

ap = ap =0
4 T/2
by == f(t) sin nwotdt
T Jo
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» For a half-wave symmetry function, its Fourier coefficients are

ap =0
a, = 7 fOT/2 f(t) cos nwotdt, n odd
0, n even
b, = T foT/2 f(t) sin nwotdt, n odd
0’ n even
22 RMT

BEE2143



l?lEE2143 — Signals & Networks Universiti
. . . . . Malaysia
Symmetry considerations in Fourier Series PAHANG

Example 17.3, pg. 771 (Alexander & Sadiku, 2009)
Find the Fourier series expansion of f(t) given in Fig. 17.13.

S A
1
| L :
-5 —4 -3 -2 -1 0 1 2 3 4 5 t
-1
Answer:
<. 2 nm nmt
t) = —(1—cos—)s'n—
1) Z nmw 2 ! 2
n=1
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Practice problem 17.4, pg. 773 (Alexander & Sadiku,
2009)

Find the Fourier series expansion of the function in Fig. 17.16.

[0
4
=2 0 2 4 T
Answer:
= 16
t)=2— ——— cosnt
/() > 5
n=1
n=odd
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Problem 17.21, pg. 800 (Alexander & Sadiku, 2009)

Determine the trigonometric Fourier series of the signal in Fig.
17.59.

J(®

SN NN

54 -3 —2 1

Answer:

l\Dl'—‘
_l_
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>1
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N———
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Amplitude and phase spectra in Fourier Series

» The plot of the amplitude A,, of the harmonics versus nwy is
called the amplitude spectrum of f(t); the plot of the phase
¢n versus nwy is the phase spectrum of f(t); both of them
form the frequency spectrum of f(¢)

» Similarly, the plots of the magnitude and phase of ¢, versus
nwq are called the complex amplitude spectrum and complex
phase spectrum of f(t), respectively; both of them form the
complex frequency spectrum of f(t)

» They are related by

n
Co = aop, |Cn| = |Cfn| = 7

00 = ¢O = 07 en = ¢n7 H—n = _(z)n
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Example 17.1, pg. 760 (Alexander & Sadiku, 2009)

Determine the Fourier series of the waveform shown in Fig. 17.1.
Obtain the amplitude and phase spectra.

S A

1

~ Y
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Example 17.1, pg. 760 (cont.)

Answer:
1
fit)y ==+ E —s1nn7rt
2
n odd
A A 2
T
0.5
¢
2 7 2 3w 4w 5w 6w
3w 2 0° 1 1 1 >
5_11- ()
L L | L > 900
0 7w 27 3w 47w 5w 67 ® E
(a) (b)
28 RMT
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Practice Problem 17.1, pg. 762 (Alexander & Sadiku,
2009)

Find the Fourier series of the square wave in Fig. 17.5. Plot the
amplitude and phase spectra.

f(6) A
1

~Y
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Practice Problem 17.1, pg. 762 (cont.)

Answer:
Ap 2

L

Ll
3

4

S

1

0 7 27 3w 47w 57w 67

BEE2143
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n=1
n=odd
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(b)
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Example 17.11, pg. 785 (Alexander & Sadiku, 2009)

Find the complex Fourier series of the sawtooth wave in Fig. 17.9
(corrected). Plot the amplitude and the phase spectra.

f)
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Example 17.11, pg. 785 (cont.)

Answer:
o
j2nmt
=05+ Y Lo
2nm
n=—00
n#0
Jeal
05 o,
e
~Susg— Ay ~Fay Lo
6 | 016 s
0wy 2mp Jwg dax Sup o
003 0.04 005 108 | ‘ O08 005 0.4 002
T s
—Song —diog 3y —2ary —ay, 0 ey 2wy dawy iy Seog o o
@ (hy
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Practice Problem 17.11, pg. 787 (Alexander & Sadiku,
2009)

Obtain the complex Fourier series expansion of f(¢) in Fig. 17.17.
Show the amplitude and phase spectra.

£ A

~ Y

| |V
2\ -1 0 1 2\3/4
9
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Practice Problem 17.11, pg. 787 (cont.)

Answer:
(o) . n
Z J=n"
f(t):— ( ) e]mrt
nmw
n=—odo
n#0
leal 4
0, A
032 | 032
90° |
0.16 0.16 g =t 2 4
0.11 0.11 _ % 1 3 n
0.8 | | 0.8 2 2 ¢
FE e E R EET —90°1
(a) (b)
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