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Synopsis 

This chapter explains the stress-strain relationship for 

different type of materials, develop stress-strain 

relationship and analyse the engineering constant for an 

unidirectional lamina. Later, the student will discussing 

the stress-strain relationship, elastic moduli and 

strengths of an angle ply based on an unidirectional 

lamina and the angle of the ply.  

 



Learning Outcome 

By the end of this topic, student should be able to: 

 Develop stress-strain relationship for different type of 

materials 

 Develop stress-strain relationship for an unidirectional 
lamina 

 Analyse the engineering constant for an unidirectional 
lamina 

 Develop stress-strain relationship, elastic moduli and 
strengths of an angle ply based on an unidirectional 
lamina and the angle of the ply 

 



Introduction 

Typical laminate made of three lamina  

 



Homogenization of a lamina vs Homogeneous isotropic material  

 

Introduction 



Introduction 

Metal – isotropic plate to pure normal load in direction 1 



Introduction 

Unidirectional lamina 

 



Review 

Stress 

 



Review 

Stress 

 



Review 

Stress 

 



Review 

Strain 

 



Review 

Elastic Moduli 

 3-D stress state – Linear isotropic material, Hooke’s Law in a x-y-z orthogonal system: 

= [S]  

 

“compliance matrix of an 

isotropic material” 



Review 

Elastic Moduli 

 
3-D stress state – Linear isotropic material, Hooke’s Law in a x-y-z orthogonal system: 

= [C]  
 

“stiffness matrix of an isotropic 

material” 

where, 



Review 

Strain Energy 

 



Hooke’s Law for different types of 

Materials 

Assuming linear & elastic behaviour for a composite is acceptable, 

however, assuming it to be isotropic is generally unacceptable! 

 

Anisotropic Material 

 

[C] =  “stiffness matrix” 



Hooke’s Law for different types of 

Materials 

 

Anisotropic Material 

 

[S] = “compliance matrix” 



Hooke’s Law for different types of Materials 

 

Monoclinic Material 

 



Hooke’s Law for different types of Materials 

 

Monoclinic Material 

 If in one plane of material symmetry, for example , direction 3 is 

normal to the plane of material symmetry, then the stiffness matrix 

reduces to 

 



Hooke’s Law for different types of 

Materials 
 

Monoclinic Material 

 



Hooke’s Law for different types of Materials 

 

Orthotropic Material 

 If a material has three mutually perpendicular planes of material 

symmetry, then the stiffness is given by 

 



Hooke’s Law for different types of Materials 

 

Orthotropic Material 

 



Hooke’s Law for different types of Materials 

 

Orthotropic Material – 12 engineering constants 

 

Therefore, 

Figure (a), 



Hooke’s Law for different types of Materials 

 

Orthotropic Material – 12 engineering constants 

 



Hooke’s Law for different types of 

Materials 
 

Orthotropic Material – 12 engineering constants 

 
Figure (b), 

Therefore, 

Figure (c), 

Therefore, 

Figure (d), 

Therefore, 



Hooke’s Law for different types of Materials 

 

Orthotropic Material – 12 engineering constants 

 
Figure (e), 

Therefore, 

Figure (f), 

Therefore, 



Hooke’s Law for different types of Materials 

 

Orthotropic Material – 12 engineering constants 

 

However, 6 Poisson’s ratios are not independent of each other, 

12 engineering constants as follow: 

 

“reciprocal Poison’s 

ratio equations” 



Hooke’s Law for different types of Materials 

 

Orthotropic Material – 12 engineering constants 

 
Compliance matrix 



Hooke’s Law for different types of Materials 
 

Orthotropic Material – 12 engineering constants 

 
Stiffness matrix 

Where; 



Hooke’s Law for different types of Materials 

 

Transversely Isotropic Material 

 Consider a plane of material isotropy in one of the planes of an 

orthotropic body. If direction 1 is normal to that plane (2-3) of isotropy, 

the stiffness matrix is given by 



Hooke’s Law for different types of Materials 

 

Transversely Isotropic Material 

 



Hooke’s Law for different types of 

Materials 

 

Isotropic Material 

 If all planes in an orthotropic body are identical, it is an isotropic 

material, then the stiffness matrix is given by 



Hooke’s Law for different types of 

Materials 

 

Isotropic Material 

 



Hooke’s Law for different types of 

Materials 

 

Isotropic Material 

 



Hooke’s Law for different types of 

Materials 
 

Exercise #1 

 Find the compliance and stiffness matrix for a graphite/epoxy lamina. 

The material properties are given below: 

 

  



Hooke’s Law for a 2D Unidirectional 

Lamina 

If a plate is thin and there are no 

out-of-plane loads. It can be 

considered to be under plane 

stress 

 

A lamina is thin, one can assume 

that it is under plane stress 

 

 

Plane Stress Assumption 

 

Therefore 



Hooke’s Law for a 2D Unidirectional 

Lamina 

Considering, orthotropic plane stress: 

 

 

 

Reduction of Hooke’s Law in 3D to 2D 

 

Inverting the above equation, stress strain relationship as 

 

 = [Q] ; “reduced stiffness coefficients” 



Hooke’s Law for a 2D Unidirectional 

Lamina 

For an unidirectional lamina, the engineering elastic constants are:  

 

Relationship of [C] and [S] to Engineering Elastic Constants 



Hooke’s Law for a 2D Unidirectional 

Lamina  

Relationship of [C] and [S] to Engineering Elastic Constants 

Apply a pure tensile load in direction 1 

 

 

If the only nonzero stress is σ1 

 

 

Apply a pure tensile load in direction 2 

 

 Reciprocal relationship: 

 

 



Hooke’s Law for a 2D Unidirectional 

Lamina  

Relationship of [C] and [S] to Engineering Elastic Constants 

Apply a pure shear stress in plane 1-2 

 

 

If the only nonzero stress is τ12 

 

 

Therefore, proved that: 

 

 



Hooke’s Law for a 2D Unidirectional 

Lamina 
 

Relationship of [C] and [S] to Engineering Elastic Constants 

[Q] relationship to the engineering constants 

 

 

Summary: 

 

 



Hooke’s Law for a 2D Unidirectional 

Lamina  

Exercise #2 

For a graphite/epoxy UD lamina, find the following: 

1. Compliance matrix 

2. Minor Poisson’s ratio 

3. Reduced stiffness matrix 

4. Strains in the 1-2 coordinate system if the applied stresses are: 

 

 

 

      Use the properties of the material as below: 

 

  



Hooke’s Law for a 2D Angle Lamina 
 

Stress-strain Relationship for Angle Lamina 

= [T] ; “transformation matrix” 

where 



Hooke’s Law for a 2D Angle Lamina 

 

Stress-strain Relationship for Angle Lamina 

= [Q] ; “transformed reduced stiffness” 

where 



Hooke’s Law for a 2D Angle Lamina 
 

Stress-strain Relationship for Angle Lamina 

where 

= [S] ; “transformed compliance stiffness” 



Hooke’s Law for a 2D Angel Lamina 
 

Exercise #3 

Find the following for a 60o angle lamina of graphite/epoxy.: 

1. Transformed compliance matrix 

2. Transformed reduced stiffness matrix 

 

If the applied stress is 

3.   Global strains 

4.   Local strains 

5.   Local stresses 

6.   Principal stresses 

7.   Maximum shear stress 

8.   Principal strains 

9.   Maximum shear strains 

 

  Use the properties of the material shown in the next slide: 

 

  





Hooke’s Law for a 2D Angel Lamina 

 

Answer #3 

2. [Q]  

1. [S]  

3.   

4.   



Hooke’s Law for a 2D Angel Lamina 

 

Answer #3 

6.   

5.   

7.   

8.   



Hooke’s Law for a 2D Angel Lamina 

 

Answer #3 

9.   



Engineering Constants of an Angle 

Lamina 
 

Stress-strain Relationship for Angle Lamina in term of engineering 

constants; 
6 constants; 

1. 

2. 



Engineering Constants of an Angle 

Lamina 
 

Stress-strain Relationship for Angle Lamina in term of engineering 

constants; 

6 constants; 

3. 

4. 



Engineering Constants of an Angle Lamina 
 

Stress-strain Relationship for Angle Lamina in term of engineering 

constants; 

6 constants; 

5. 

6. 



Strength Failure Theories of an Angle 

Lamina 
 

1. Maximum Stress Failure Theory 

Related to MNS theory by Rankine and MSS theory by Tresca  

The lamina is considered to be failed if 



Strength Failure Theories of an Angle 

Lamina  

Exercise #4 

Find the maximum values of S > 0 if a stress of  

Is applied to the 60o lamina of graphite/epoxy. Use maximum stress failure 

theory.  

 

Answer #4 



Strength Failure Theories of an Angle 

Lamina 
 

Answer #4 



Strength Failure Theories of an Angle Lamina 

 

2. Strength Ratio 

In a failure theory such as the maximum stress failure theory, it can be determined 

whether a lamina has failed if any of the inequalities are violated. However, this does not 

give the information about hoe much the load can be increased if the lamina is safe or 

how much the load should be decreased if the lamina has failed 

 

The strength ratio is defined as; 

 

 

 

 

 

 

If SR > 1, safe ; SR <1, unsafe; and SR = 1 implies the failure load  



Strength Failure Theories of an Angle 

Lamina 
 

Exercise #5 

Assume that one is applying a load of 

to a 60o angle lamina of graphite/epoxy. Find the strength ratio using the 

maximum stress failure theory  
 

Answer #5 



Strength Failure Theories of an Angle 

Lamina 

 

3. Failure Envelope 

A failure envelope is a three-dimensional plot of the combinations of the NORMAL and 

SHEAR stresses that can be applied to an angle lamina just before failure. If the applied 

stress is within the failure envelope, the lamina is safe, otherwise it has failed 

 

 

Exercise #6 

Develop a failure envelope for the 60o lamina of graphite/epoxy for a constants 

shear stress of  



Strength Failure Theories of an Angle Lamina 

 

Answer #6 



Strength Failure Theories of an Angle 

Lamina 
 

Answer #6 



Strength Failure Theories of an Angle Lamina 

 

4. Maximum Strain Failure Theory 

Related to MNSt theory by St. Venant and MSS theory by Tresca  

The lamina is considered to be failed if 



Strength Failure Theories of an Angle 

Lamina 

5. Tsai-Hill Failure Theory 

Based on the distortion energy failure theory of Von-Mises distortional energy yield 

criterion. Distortion energy is a part of the total strain energy in a body. The strain 

energy in a body consists of two parts; one due to a change in volume and is called the 

dilation energy and the second is due to change in shape and is called the distortion 

energy. Hill adopted the Von-Mises distortional energy yield criterion to anisotropic 

materials. Then, Tsai adapted it to  an unidirectional lamina. 

The lamina is considered to be failed if 

Reduce the equation to: 



Strength Failure Theories of an Angle 

Lamina 

6. Tsai-Wu Failure Theory 

Based on the total strain energy failure theory of Beltrami. Tsai-Wu applied the failure 

theory to a lamina in plane stress. This failure theory is more general than the Tsai-Hill 

failure theory because it distinguishes between the compressive and tensile strengths of a 

lamina. 

The lamina is considered to be failed if 



Strength Failure Theories of an Angle 

Lamina 
 

7. Comparison of Experimental Results with Failure Theories  



Strength Failure Theories of an Angle 

Lamina  

7. Comparison of Experimental Results with Failure Theories  



Strength Failure Theories of an Angle 

Lamina 

7. Comparison of Experimental Results with Failure Theories  



Strength Failure Theories of an Angle 

Lamina 
 

7. Comparison of Experimental Results with Failure Theories  



Strength Failure Theories of an Angle Lamina 

7. Comparison of Experimental Results with Failure Theories  

Observations: 



Strength Failure Theories of an Angle Lamina 

Exercise #7 
Find the maximum values of S > 0 if a stress of  

is applied to the 60o lamina of graphite/epoxy. Use Tsai-Hill failure theory.  

Answer #7 
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