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Chapter 2 : Part 1 — Macaulay

Method

e Aims
— Draw elastic curve for beam
— Write equation for bending moment
— Determine the deflection of statically determinate beam by using Double Integration Method.
— Write a single equation for bending moment.
— Determine the deflection of statically determinate beam by using Macaulay’'s Method.

* Expected Outcomes :
— Able to analyze determinate beam — deflection and slope by Macaulay Method.

 References
— Mechanics of Materials, R.C. Hibbeler, 7th Edition, Prentice Hall
— Structural Analysis, Hibbeler, 7th Edition, Prentice Hall
— Structural Analysis, S| Edition by Aslam Kassimali,Cengage Learning
— Structural Analysis, Coates, Coatie and Kong

— Structural Analysis - A Classical and Matrix Approach, Jack C. McCormac and James K.
Nelson, Jr., 4th Edition, John Wiley
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WHAT IS DEFLECTION?7?7??
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» deflection is a term that is used to describe the degree to which a structural
element is displaced under a load.
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THE ELASTIC CURVE Vi

-The deflection diagram of the longitudinal axis
that passes through the centrfold of each
cross-sectional area of the beam

- Support that resist a force, such as pinned,
restrict displacement

- Support that resist a moment such as fixed,
resist rotation or slope as well as
displacement.
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Example

Figure 1

_A_ O 'C Figure 2
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Example
0, #0 l 7
AA _ O B /Z; B
A . 0 =0
Figure 1

_A_ O IC Figure 2
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A,=0 B /Z; B
A | 0, =0
Figure 1

—Eﬁﬁ\lc Figure 2
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Example

0, #0 l

A, _o o 4””‘£ff/8

A 9, =0

Figure 1

l |

mc Figure 2
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0, +#0 HB¢O
A. #0
A,=0 A, =0 ¢
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Three basic methods to find deflection for statica@ PAHANG

determinate beams:
2 Moment Area
Method
Cut for each sections

No. of coefficient (C1, C2, C3, ...) \
1 Mac-Caulay’s Unit Load

|
—
—
|
|
|
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EULER-BERNOULLI THEORY Vi

 Also known as elastic-beam theory

 This theory form important differential
equation that relate the internal moment in a
beam to the displacement and slope of Its
elastic curve.

 This equation form the basis for the deflection

methods.
d’v _ M .
ﬁ — E Equatl()ﬂ 1

IL@M—




« Moment, M Is known expressible as a function
of position x, the successive integrations of Eq.
1 will yield the beam’s slope, 6

_fM
~ ™

* And the equation of the elastic curve,
v(displacement)

v—f(x)—ff—dx

I@m—
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* This method depend on the loading of the
beam.

e All function for moment must be written each
valid within the region between
discontinuities.

« Using equation 1 and the function for M, will
give the slope and deflection for each region
of the beam for which they are valid.

I@m—
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THE DOUBLE INTERGRATION METHOD W
 EXAMPLE

Consider a simply supported beam AB of length L and carrying concentrated
load P at mid span,C as shown below. Use the double integration method.
Find the equation of the elastic curve. El is constant.

P
|—> X l
C
A | B
o S V- A V- S e
| T
P/2 P/2
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e Function for the heam moment
e For span 0<x,<L/2
P

Ml — Exl
e For span L/2<x,<L

P L

M= >X2 P(x2 — E)
P PL

M2: —Exz +?

P
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» Replace M, into slope and displacement integration.

P
d?v 5%

dx2~ EI
HEI—dv—fP d
=0 dx 2x1x

v, EI = f(x) fogxldx

4 L% o AT A A
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P
6,EI = fle dx
Px?
HlEI — T + Cl
2
Then, v El = f% + C, dx
Px3
leI — E + C1x1 + CZ

» Here we have 2 unknown C; and C,

P
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» Replace M, into slope and displacement integration.

2 P PL
d°v —3X2+t 5

dx? El

HEI—dv—f P +PLd
270 T dx Exz ?x

v El = f (x)—ff——x2+— X

4 Lmﬂ@ o AT A A
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P PL
92E1=f——x2 + —dx

2 2
P , PL
HzEI — _sz +?x2 +C3
Then,
P , PL
v, El =f—zx2 +?x2 + Csdx
P . PL ,
vy El = —Exz +Zx2 + C3x, +C,

e Here we have 2 unknown C;and C,

4 L% o AT A A
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 Using boundary conditions
—v;=0,x; =0
v, =0,x, =L

_ _L
—X1 = X2 =3
V1 — Uy
6, =0,

 This will solve C,, C,, C;and C,

4 L% o AT A A



Solving all the unknown, C,, will give slope and
displacement for the element.

— At the support x; = 0,x, =L

6, =6 —+PL2

1 2_—16

— At the mid span x; = x, = %
Y 5
T

P




MACAULAY’S METHOD U

Communitising Technology




“§@ Universiti
Malaysia
RSt Al

In this method, the moment function only will be considered at end of the
section

Macaulay’'s Method

lP
)"  P(x-a)

»
»

1] E ) w(x —a)°
a . ; > 7
FM%DM Mo(x—a)°

4 L% o AT A A



Macauly’s Method Vi

Let us again consider a simply supported beam AB of length L and carrying
concentrated load P at mid span,C as shown below. El is constant. This
example are going to show how to find the equation of elastic curve for the
beam by ‘turn off’ part of a function using Macauly’s Method.

P
|—>— X l
A ) < ] B
e SV R VR =
FIE FIE
| X, g
| X, g

4 L% o AT A A



Universiti
Vi
« Again we must write a function for the beam moment

that can describe the moment for the beam wholly
from the left side.

« This beam have 2 span. Macauly’s Method will use the
moment function to the very right with only x function
as distance. Where here for example:

e Span L/2<x<L

|\/|_P P .

« Take note here Macauly’s Method use a different
bracket that have a special function that have an
advanced understanding and application.

p L% D) s via AT A R
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e Span L/2<x<L

I\/I—P P .
—EX X E

 The bracket above allow the function of ‘turn off’
when inside value is negative or zero.

e Means iIf we have x < % the <x — §> will be zero

Mathematically explained as :

0 <L
) X=7
x—E=< 2
2 L L

2

Communitising Technology
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« Applying Euler-Bernoulli Theory replace M into slope and

displacement integration.
d’v P < L

EIW=§x—Px—§
aEz—dv—fP plx - Cd
Tdx )2t T\ o

vEI = f(x) =ffgx—P<x—%>dx

P

Communitising Technology



Y From the Slope |ntegrat|on nnnnnnnnnnnnnnnnnnnnnnnnnnnnn
OEI —fp ol — 5

= | 5x x - =) dx

P P |\ 2

OEI = —x* ——{x—-) +C,
4 2 2

Take note here that <x — §> IS Integrate as a

function of x. This Is rooted to advanced math
that Macaulay use in his method that need to
be remember.

I@m—
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e From the displacement integration :
P L
vEl = f—x—P(x——>dx
2 2
P P 2

UEIZf—xZ——<x—§> +C, dx

Again Ttke note here that <x — §> IS Integrate
as a function of x.

p L% OO sz E At B
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* From slope and displacement integration procedure, 2
unknown were obtained and solved using the
boundary condition:

v=0,x=0
v=0x=L
Please remember :

( L

0 X < —

L ’ =

X— =) =1 2

2 L >L

kx > X 5

Communitising Technology
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 Lets use the first boundary

v=0,x=0
P P L3
OEI=—O3——<O——> +C,0+C,
12 6 2
) L L
e |nside the bracket <x—5> = =7 = 0

P
OEIZEO3—O+C10+C2




e The second boundary
—v=0,x=LandC,=0

P P L3
OEl = —° ——<L——> +C,L
12 6 2

e |nside the bracket <L — %) = %we use the

value

~ 3PL?

“1= "8
1 OIS s
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e Using unknown:

—C1=—SZ;2andC2:O
P P L2 3PL?
HEIZ—xZ——<x——> —
2 48
P P L3 3PL?
UEIZ—xB——<x——> — X
12 6 2 48

This equation can be use to obtain deflection
and displacement at any position of the beam
following ‘turn off’ rule.

p L% OO sz E At B



. Lets determine slope at the support : W5

nnnnnnnnnnnnnnnnnnnnnnnnnnn

—Atx =0
P P L2 3PL?
OEI :—02——<0——> —
4 2 2 48
) L L
e |nside the bracket <x_§> = _E:O

3PL?

s ©0509)
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* Lets determine slope at the support : i
—Atx =1L

OEI = ;LZ — 2<L L>2 — SPL
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e Lets determine maximum displacement at the midspan :
L

—AtX:E
3 3 2
ry = P (L) P/L L 3PL (L)
VETT12\2) T6\27 2] T Tag \2
e |nside the bracket <x — §> =0
PL3
vVEl = — —
48
PL®

— P

 48EI
Negative means downward N




Macauly’s Method Vi

In this example we take a beam with the UDL of 20 kN/m
applied to the centre of the beam as shown. The beam has the
materials property, E = 30 kKN/mm?and a cross section in mm as
shown. Determine the maximum displacement in the beam

?.DM/M

25
ﬁ;;_%a
c 6&1:;
L2, & '2_"”’

. ‘@ ®®@| Communitising Technology
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_bd® _200-600°
12 12

_(30)(36x10°)

/ =36x10" mm’

El =108x10° kNm"

10°
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« Taking moments about the cut, we have:

_E[

M(I}-ﬂjx—k?[x-lf 5 x-6] =0

4 Lﬁ@ o AT A A
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* Again the Macaulay brackets (take note here
( )= ]have been used to indicate when

terms should become zero. Hence:

M (x)=40x —2—;[1‘ = 2]2 + ?[I = 6]2

e Applying Euler-Bernoulli (v = y):

2
_--‘,f.”l[Ji:)=_-’_-7Jr’i}TJ;=*¢Il’.:lx—%[1~:—2]2 +%[.ﬁ:—6]2 Equation 1

4 LmM o AT A A
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 Integrate Equation 1 to get the slope

a i—ﬁ 2 _E LK . +E i -1 i :
El T X c [x 2| - : [I 6] +C, Equation 2

* [ntegrate Equation 2 to get the displacement

lon
equat O E{v:?f—%[I—214+§[I—5r+fﬂ+cﬁ Equation 3

4 LmM o AT A A
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* The boundary conditions are:
— Support A:y=0 atx=0
— SupportB:y=0 atx=8

 So for the first boundary condition:

EI(U]=?(G)J—M+M+CE(U]+CE
C,=0

P
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 For the second boundary condition:

40 M s D0
EI(G]=F(8}3 'ﬂ{ﬁ'} +£(2]4+8CE
C,=-293.33

* Insert constants into Equations 3
(displacement)

Bl O e e AP e BT - B
6 24 24

4 L% o AT A A
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E15.. =24y -22(2)" + D] ~293.33(4)
=8 24
= -760

s _—760_ 760

4 — -=-=0.00704 m
v El 108x20°

o ==7.04 mm

MAX
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e This is therefore a downward deflection as
expected.
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